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Abstract. Let G be a finite p-solvable group, where p is an odd prime. We establish a connection 
between extendible irreducible characters of subgroups of G that lie under monomial characters 
of G and nilpotent subgroups of G. We also provide a way to get "good" extendible irreducible 
characters inside subgroups of G. As an application, we show that every normal subgroup N of a 
finite monomial odd p, g-group G, that has nilpotent length less than or equal to 3, is monomial. 

1. Introduction 

A finite group G is called monomial (M-group) if each of its complex irreducible characters can 
be induced from some linear character of some subgroup of G. One of the outstanding questions 
in the theory of monomial groups is 

Question 1. Is a normal subgroup N of an M-group G itself an M-group? 

It was shown by Dornhoff [H] and independently by Seitz ^B] that the answer is yes when N 
is a normal Hall subgroup of G, and conjectured that the answer is always yes. For M-groups 
of even order, Dade |3] and van der Waall JHI showed separately that the answer could be no. 
They constructed an example of a monomial group of order 7 • 2 9 which has a normal subgroup of 
index two that is not monomial. In their common example both N and G/N have even order. So 
Question 1 remains open when N or G/N or both have odd order. We remark, that there has been 
evidence (see for example [HI E3 El El QZ| ) suggesting that the answer to the above question is 
yes if G is an odd M-group. 

In we prove 

Theorem A. If G is a monomial group of order p a q b , where p and q are odd primes and a, b are 
non-negative integers, then any normal subgroup N of G is again monomial. 

That is, for monomial odd p a q b -growps G the answer to Question 1 is yes. 

For the proof of Theorem A a special type of reductions was followed. These reductions are 
based on an observation of M. Isaacs, according to which the Clifford theory for abelian normal 
subgroups L of a group G preserves monomiality of characters (see exercise (6.11) in 0). Firstly 
we fix a monomial group G, a normal subgroup N of G and an irreducible character £ Irr(A^). 
This way we form the triple T = (G, N, ip). Now we apply Isaacs observation to normal subgroups 
L of G that are contained in N and linear characters of L that lie under ip. In particular, if L is any 
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normal subgroup of G contained in N, and A is a linear character of L lying under ip, then we may 
pass from G to the stabilizer G(X) of A in G, without loosing the monomiality of those irreducible 
characters of G(A) that lie above A. This way we get a new triple T\ = (G(A), N(X),ip\), that we 
call a direct linear reduction ofT , where ip\ £ Irr(iV(A)) is the A-Clifford correspondent of ip, and 
thus induces ip. Clearly G(A) may not be a monomial group, but every irreducible character of 
G(A) lying above A is still monomial. Repeated applications of the same type of reductions leads 
to a "minimal" triple T' = (G',N',ip'), where N' < G' < G and if)' G Irr(iV) induces ip to N, 
and where no more reductions can be performed to T 1 (a more detailed analysis on the triples and 
their reductions is given in Section 3 below). We call T' a linear limit of T. If Z(T') is the center 
of the induced character (tp') G , then there is a unique linear character (' of Z(T') lying under 
(ip') ■ We call C' the central character of the triple T' and Z(T') the center of T'. Furthermore, 
Isaacs observation implies (see Proposition 13. 17l below) that every irreducible character in Irr(G') 
that lies above £' is monomial. Also the kernel Ker(£') of £' is a normal subgroup of G' , while 
Ker(£') < Ker (-(//). The question partially answered in |14j is 

Question 2. Assume that N is a normal subgroup of an M-group G. Let ip be any irreducible 
character of N . Does there exists a linear limit (G',N',ip') of (G,N,ifj) with the quotient group 
N'/(Ker(') nilpotent? 

It is clear that a positive answer to Question 2 implies a positive answer to Question 1. What 
we actually prove in [14. is that Question 2 has a positive answer when G is an odd p, q-group. 

In this paper we publish two of the main tools, Theorems B and D below, needed for the proof of 
Theorem A, that we think, are interesting in themselves, and provide an explanation of the approach 
we have used in ^1] . As an easy consequence of these two theorems we prove that Question 2 has 
a positive answer when G is an odd p, g-group and N is a normal subgroup of nilpotent length < 3, 
(Theorems C and E). 

For the general case we used in |14j. apart from Theorems B and D, what we called there 
"triangular sets". This is quite a complicated machinery. Fortunately E. C. Dade came up with 
an easier correspondence than the one the triangular sets provide, thus we are able to prove the 
general case without their use as we will see in a forthcoming paper. 

When applying the linear reductions described above, we often reach a situation were G satisfies 
the following 

Condition X. P is a normal p- subgroup of G, for some odd prime p, such that its center Z(P) 
is maximal among the abelian G-invariant subgroups of P. Furthermore, £ € Irr(Z(P)) is a G- 
invariant faithful irreducible character of Z(P), and thus Z{P) is a cyclic central subgroup of'G. 

In particular, suppose that P is a normal subgroup of G and a S Irr(P). Let {G 1 , P' ,a') 
be a linear limit of (G,P,a), and assume that is the center of (G' , P' ,a'). Then the groups 
G' / Ker(C') an d P' / Kev(^') satisfy Condition X (see Proposition 13.71 below) . Assume further that 
N <G contains P while N/P is a g-group for some prime q ^ p. In order to answer Question 2 
in this special case, it would be enough to show that a g-Sylow subgroup Q' of G' D N' satisfies 
[Q' , P'\ < Ker(C'). This is actually true, and it follows from the fact that every irreducible character 
of G' lying above C' is monomial. Theorem B handles this situation. 
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Theorem B. Assume that G is a finite p-solvable group where p is some odd prime. Let P < G 
be a normal p- subgroup of G that along with ( £ Itt(Z(P)) satisfies Condition X. Assume further 
that S <G is a nilpotent normal p' -subgroup of G and (3 € Irr(S). Let \ £ Irr(G) be an irreducible 
monomial character of G, that lies above £ x (3 and satisfies x(l)p' = /?(!)• If Q is any p' -subgroup 
of G such that PQ < G, then Q centralizes P. 

Based on Theorem B we actually show 

Theorem C. Assume that G is a finite monomial group. Assume further that G has normal 
subgroups M < N such that M is nilpotent with odd order and N/M is nilpotent. Then the answer 
to both Questions 1 and 2 above is yes. 

Note that in Theorem C the group G need not be a p, g-group, not even odd. 

Now assume that N has nilpotent length 3. In particular, assume that Q < M < N are all normal 
subgroups of G with Q being a g-group, M/Q a p-group and N/M being a g-group, for two odd 
primes p ^ q. By induction we may assume that, after performing the necessary linear reductions, 
the group M is nilpotent. So the obstacle this time is of the form Q\ < P x Qi < P x Q < G, 
where now both G, P and G, Q\ satisfy Condition X and in addition, every irreducible character 
of G lying above two specific G- invariant characters a x (3 £ Irr(P x Q\) is monomial. Again, 
in order to answer Question 2 we need to show that Q centralizes P. But this time we can't so 
easily guarantee the existence of a monomial character of G with the correct degree. Observe that 
according to Theorem B we need a monomial character of G whose degree has the g-part equal 
to (3(1). If the character (3 extends to G then this problem is solved using some basic 7r-theory. 
Unfortunately, there is no reason for (3 to extend, but we can replace him with another "good" one 
as the following theorem shows. 

Theorem D. Let P be a p-subgroup, for some odd prime p, of a finite group G. Let Qi,Q be 
q-subgroups of G, for some odd prime q ^ p, with Q\ < Q. Assume that P normalizes Q\, while 
Q normalizes the product P ■ Q\. Assume further that (3 is an irreducible character of Q\. Then 
there exists an irreducible character (3 V of Q\ such that 

P((3) = P((3»), 

Qifi) < Q(P U ) and N Q (P((3)) < Q((3»), 

(3 U extends to Q(fi u ). 

Theorem B along with Theorem D, enables us to prove: 

Theorem E. The answer to both Questions 1 and 2 is yes if G is an odd monomial p, q-group and 
N has nilpotent length 3. 

Section 2 below contains the proof of Theorem B that is the key step for the proof of Theorem 
C. The proof of Theorem C can be found in Section 4, while in Section 3 we go through the basic 
definitions and properties of linear limits and we state related theorems, needed for the proof of 
Theorems C and E. In sections 5 and 6 we prove Theorems D and E, respectively. All the groups of 
this paper are assumed to be finite. In addition, all the modules have finite dimension. The notation 
and terminology follows 0, with a few exceptions. That is, we write Nm(K) or N(M in K) for 
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the normalizer of M in K, whenever M, K are subgroups of a finite group G. Also if (f> E Irr(M) 
we denote by K(4>) the stabilizer of <fi in K. In addition, we use the terminology of [2] when 
symplectic modules are concerned. So, if T is any finite field of characteristic p, and G is any finite 
group, we say that a finite-dimensional TG- module B is a symplectic ^"G-module if B carries a 
symplectic bilinear form < •, • > that is invariant by G. For any .FG-submodule S of B, we denote 
by S 1 - := {t G B\ < S,t >= {0}} the perpendicular ^"G-submodule to S. The TG submodule 
«S of B is called isotropic if <S < and it is called self -perpendicular if S = We say that 
B is anisotropic if it contains no non-trivial isotropic ^"G-submodules. Furthermore, B is called 
hyperbolic if it contains some self-perpendicular ^"G-submodule S. 

Acknowledgment Most of the work of this paper is part of my thesis, done under the guidance 
of my adviser E. C. Dade. I thank him for the enormous amount of hours he has spent on this thesis, 
all the inspiring discussions and his endless support. I would also like to thank the Mathematics 
Department of the University of Illinois for its support. 



2. Proof of Theorem B 

We begin with an equivalent form of Theorem 3.2 in |2j. 

Theorem 2.1. Suppose that J 7 is a finite field of odd characteristic p, that G is a finite p-solvable 
group, that H is a subgroup of p-power index in G, that B is an anisotropic symplectic J- G -module 
and that S is an TG -submodule of B. Then the G -invariant symplectic form on B restricts to 
a G-invariant symplectic form on S. If S, with this form, restricts to a hyperbolic symplectic 
TH-module S\h, then S = 0. 

Proof. Since B is symplectic and TG- anisotropic, so is its J-"G-submodule S. Theorem 3.2 of 0, 
applied to 5, tells us that S is JTG-hyperbolic if S\a is ^if-hyperbolic. In that case S is both 
^"G-anisotropic and ^G-hyperbolic. So it must be 0. □ 

We can now prove Theorem B 

Proof. In view of Condition X, Z(P) is a cyclic central subgroup of G, and it is maximal among 
the abelian subgroups of P that are normal in G. So every characteristic abelian subgroup of P 
is contained in Z(P) and thus is cyclic. Hence P. Hall's theorem (see Theorem 4.9 in [fj]) implies 
that either P is an abelian group or it is the central product 

(2.2a) P = TQZ(P), 

where T = 0,±(P) is an extra special p-group of exponent p, and 

(2.2b) Tf]Z(P) = Z(T). 

In the case that P = Z(P) is an abelian group, Theorem B holds trivially, as P = Z(P) < Z(G) 
is centralized by G. Thus we may assume that P > Z(P) and (|2.2|) holds. 

Since x nes above £ x (3 G Irr(Z(P) x S), Clifford's theorem implies the existence of a unique 
irreducible character ^ of G{(3) = G(( x /?), that also lies above £ x (3 and induces x i n G. 
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Furthermore, the hypothesis that x(l) p ' = (3(1), implies that \G : G((3)\ is a power of p, since 
\G : G(J3)\ divides x(l)/j9(l). So we get 

(2.3) *(1V = (* G (1)V= X (1V=/9(1). 

By hypothesis, \ is a monomial character. Furthermore, ^(i 3 ) x S 1 is a nilpotent normal subgroup 
of G. Hence we can apply Theorem 3.1 in [Ej. We conclude that G Irr(G(£ X /?)) is also 
monomial. Therefore there exists a subgroup H of G(J3), and a linear character A G Lin(iJ) that 
induces ^ = X G ^\ Clearly A also induces x = ^ G ■ 

The product HS forms a subgroup of G. Furthermore, 

Claim 1. \G : HS\ is a power of p, and (X HS )\s = P- 

Proof. Clearly Clifford's theorem implies 

for some integer m > 0. Hence deg(^) = mdeg(/3). By (|2.3|) we have ^(l) p ' = 0(X)- Thus m 
is a power of p. As H < HS < G((3), the induced character X HS lies in Itt(HS) and induces 

deg(A^ 5 ) • \G{f3) : HS\ = deg(^) = mdeg(/3). 

Clifford's theorem also implies that A \s = r(3, for some integer r. As deg(A^ s ) = \HS : H\ = 
\S : Hn S\ we get that both deg(A ffS | s ) and r are p'-numbers. But 

rdeg(P) ■ \G(0) : HS\ = deg(X HS ) ■ \G(f3) : HS\ = mdeg(/?), 

with m a p-number. Hence r = 1, while : is a power of p. This, along with the fact that 

G((3) has p-power index in G, completes the proof of the claim. □ 

The fact that A G hin(H) induces irreducibly to G implies that the center, Z(G), of G is a 
subgroup of H. This, along with the fact that Z(P) < Z(G), implies 

(2.4) Z(P) < Z(G) < H. 

Let Q be any p'-subgroup of G that satisfies iV := PQ < G. In order to show that Q centralizes 
P, we can, without loss, assume that S is a subgroup of Q, or else we may work with the p'-group 
QS that also satisfies P(QS) = (PQ)S < G. Let E := [P, Q]. Then E is a characteristic subgroup 
of N and thus a normal subgroup of G. Furthermore S centralizes E, since E is a subgroup of P. 
Even more, we have 

Claim 2. E = [P,Q] is an abelian group. 

Proof. Suppose not. Then E is a non-abelian normal subgroup of G contained in P = T ■ Z(P). As 
Z{P) < Z(G) (by JZ3J), we have E = [P, Q] = [T, Q] < T, where T = J2i(P). Furthermore, is 
an abelian normal subgroup of G, contained in T < P. Hence Z(E) is contained in TDZ(P) = Z(T). 
As E is non-abelian and Z(T) has order p, we conclude that Z(E) = Z(T) < Z(P) < Z(G). 
Therefore E = [T, Q] is an extra special subgroup of T of exponent p, and its center is central in 
G. Hence the group E satisfies condition (4.3a) in [2j. In addition, Q is a p'-subgroup of G such 
that QE is normal in G (as P = [P,Q]Cp(Q) and thus G = ENg{Q))- Since P is a p-group, the 
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commutator subgroup [P, Q] = [[P, Q], Q] coincides with E = [P, Q]. Hence (4.3b) in |2j holds with 
Q here, in the place of K there. 

As the index of HS in G is a power of p, and PQ = N is a normal subgroup of G, we conclude 
that HS contains a j/-Hall subgroup of PQ. Hence HS contains a P-conjugate of Q. Therefore, 
we may replace H and A by some P-conjugates, and assume that HS contains Q. (Observe that 
because P < G(f3), the P-conjugate of H is still a subgroup of G(f3) while the corresponding 
P-conjugate of A induces ^ in G(@).) 

The subgroup HP (P X S) of E X S is equal to (H HE) X (HPS), since \E\ and \S\ are relatively 
prime. This implies that 

HS n (E x S) = (H n (P x 5)) • S = (P P P) x 5. 

Hence H Pi E = HS P E. Thus P n P is a normal subgroup of HS. Furthermore, the restriction 
Mhde of A to PflP is a linear character of HPE that is clearly P-invariant. It is also S 1 - invariant, 
as S centralizes P > PR P. Hence \\hde is PS'-invariant. We conclude that the restriction of the 
irreducible character X HS of HS to H P\ E is a multiple of the linear character \\jjnE- Of course 
the irreducible character X HS of HS induces irreducibly to \ € Irr(G), and lies above a non-trivial 
character of Z{E) (as Z(E) < Z{P) and £ € Irr(Z(P)) is faithful). Hence we can apply Lemma 
(4.4) and its Corollary (4.8) of |2j, using HS here in the place of P there, and X HS here in the 
place of 4> there. We conclude that HS PlP = PnPisa maximal abelian subgroup of P. 

Let P := P/Z{P). Then P is a symplectic Z p G-module, since it affords the G-invariant sym- 
plectic bilinear form c defined as c(x,y) = £([x,y]), for all x,y £ P (where x and y are the 
images of x,y in P). According to the hypotheses of the theorem, Z(P) is the maximal abelian 
G-invariant subgroup of P. Hence P is an anisotropic ZpG-module. If E is the image of P in P, 
i.e., E = E/Z(E), then E is a symplectic Z p G-submodule of P, as P is normal in G. Furthermore, 
P is ZpPS'-hyperbolic as HS P E is a maximal abelian PS'-invariant subgroup of P. Since the 
index [G : HS] is a power of p, Theorem 12.11 forces P to be trivial. Hence P = Z(E) is abelian, 
and the claim follows. □ 



Now P = [P, Q] is an abelian subgroup of P normal in G. According to the hypotheses of the 
theorem, Z(P) is a maximal such subgroup of P. Therefore 1 < [P, Q] < Z(P) < Z(G). So Q 
centralizes [P, Q], which implies that [P,Q,Q] = 1 and thus [P, Q] = [P,Q,Q] = 1. 

This completes the proof of the theorem. □ 



An immediate consequence is 

Corollary 2.5. Assume that a finite p-solvable group G satisfies Condition X for its normal p- 
subgroup P and the character £ € Irr(Z(P)). Assume further that x is a monomial character of G 
that lies above £ and its degree is a power of p. If Q is any p' -subgroup of G so that PQ < G then 
Q centralizes P. 
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3. Linear limits 

In this section we give the basic definitions and properties of ordered triples and their linear 
limits. A more detailed approach on the subject that actually contains most of the results that 
follow, can be found in |3j 

We denote by T the family of all ordered triples (G,N,ip), where G is a finite group, N is a 
normal subgroup of G and ip is an irreducible character of N. Until the end of the section we fix 
an element T = (G,N,ip) of T. We define the center Z(T) of T to be the center of the induced 
character ip G , and the central character to be the unique linear character of Z(T) lying under 
ip G . Then Z(T) is a normal subgroup of G contained in N, while is a G-invariant linear 
character of Z(T). So the restrictions of both ip and ip G to Z(T) are multiples of Even more, 
Z(T) is fully characterized by Proposition 2.3 in that we partly restate here. 

Proposition 3.1. The center Z(T) is the largest normal subgroup L of G contained in N such that 
ip £ Irr(iV) lies over some G-invariant linear character A of L. Any other such L is a subgroup of 
Z(T), and the corresponding A is teh restriction of ^ T > to L, while the restriction of ip to L equals 
V>(1)A- 

We also define the kernel Ker(T) to be the kernel of ip G . So Ker(T) is Corec(Ker (?/>))) and thus 
is contained in Kei(ip). In addition, Ker(T) = Ker(^ r )) (see the second section in [3] for a detailed 
analysis of character triples). 

A subtriple of T is any triple T' = (G 1 , N', ip') contained in X, with G' being a subgroup of G, 
and ip' being any irreducible character of N' = G' fl N lying under ip. We write T' < T to denote 
that T' is a subtriple of T. If there exists some normal subgroup L of G contained in N and a linear 
character A £ Lin(L) lying under ip, then the stabilizer G' = G{\) of A in G is a subgroup of G, 
while N' = NOG' is the stabilizer N' = N(X) of A in N. Furthermore, the A-Clifford correspondent 
tjj' of tp in N', is the unique irreducible character of N' lying above A and inducing tp. So the triple 
T(A) = (G',N',ij/) is a subtriple of T. By a direct linear reduction of T we mean any subtriple 
T' < T of the form T' = T(\), for some L and A satisfying the above conditions. A direct linear 
reduction T' is called proper if T' ^ T. If the only possible direct linear reduction of T is T itself, 
then T is called linearly irreducible. A subtriple T' of T is called a linear reduction of T if there is 
some finite chain To, Ti, . . . , T n of subtriples Tj < T, starting with Tq = T and ending with T n = T', 
such that each Tj is a direct linear reduction of T_i , for all i = 1, 2, . . . , n. A linear limit of T is a 
linearly irreducible linear reduction of T, i.e., it is a linear reduction of T that has no proper direct 
linear reductions. 

If T' = T(A) is a direct linear reduction of T then without loss (see Proposition 2.18 in 0]) we 
may assume that A is a linear character of some normal subgroup L of G satisfying Z(T) < L < N. 
In addition, A not only lies under ip but also lies above the central character of T. Furthermore, 
for any linear reduction T' of T we have Z(T) < Z(T') while is the restriction of ' to Z(T), 
see equation 2.24 in In addition Ker(T) = Ker(C (T) ) < Ker(C (T,) ) = Ker(T'). 

The first remarks follow easily from the above definitions. 

Remark 3.2. If T' = (G' , N' , ip') is a linear reduction of T = (G, N, ip), then any linear limit T" of 
T is also a linear limit of T. In addition, Z{T") > Z(T') > Z(T) and Ker(T") > Ker(T') > Ker(T). 
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Remark 3.3. Assume that H is a subgroup of G with N < H < G. Let S be the ordered triple 
S = (H,N,ip). If T = (G',N',ip') is a linear limit of T then S' = (G' n H,N',ip') is a linear 
reduction of S with Z(T') < Z(S'). So we can get a linear limit S" = (H", N" , if)") of S' , and thus 
of S, with AT" < N' and Z(T') < Z(S') < Z(S"). Furthermore, the central character C iT ' ] of T' is 
the restriction of C^ S '\ an< i thus of (( s "\ 

Remark 3.4. Let V = (G", N', if)') be a linear limit of T = (G, N, if)). If B is a subgroup of G that 
centralizes TV, (that is 5 < C G {N)) then B < G' . 

Now assume that N < H < G, while the irreducible character 9 € Irr(if) of H lies above 
-0 6 Irr(iV). If T' = (G',N',ip') is a linear reduction of T, then we form the group H' = H f] G' 
that we call the T' -reduction of H. Since T' is a linear reduction of T, there is a chain of linear 
subtriples Tq,T\, . . . ,T n of T, starting with Tq = T and ending with T n = T' such that is a 
direct linear reduction of Tj_i, for all £ = 1, . . . , n. So T, = Tj_i(Aj), where Aj is a linear character 
of some normal subgroup Li of with Z(Tj_i) < Lj < iVj_i. Furthermore, V« £ Irr(JVj) is the 
Aj-Clifford correspondent of G I r r(A r j_i). Because 6 € Itt(H) lies above ^, there is also a finite 
chain of irreducible characters 9i of Hi = G{ Pi -ff, starting with Oq = 9 and ending with # n = 0', 
such that 0j is the unique A« -Clifford correspondent of for alH = 0, 1, . . . , n. So 6i lies above 
ipi, for all i = 0, 1, . . . , n. We call 6' the T' -reduction of It is clear from the definition of 9' that 
it lies above ip' and induces 9 in H. Actually 9' is the unique irreducible character of H' with these 
properties by 

Remark 3.5. Assume that N < H <G, and let T = (G", N', tp') be any linear reduction of T. If 
cf) is an irreducible character of H' = H n G' that lies above ip' then is the T'-reduction of the 
irreducible character 4> H of H. 

Proof. According to [I] induction is a bijection between the irreducible characters of H' lying above 
if/ and those of H lying above if). Hence 4> H is an irreducible character of H and its T'-reduction 
is <j). □ 

If, in addition, H is a normal subgroup of G, then we clearly have 

Remark 3.6. Assume that N < H are normal subgroups of G, while 9 € lrv(H\ifj). So we can form 
the triple S = (G,H,9). Then Z(S) > Z{T) and Ker(S) > Ker(T). If T' = (G',N',i()') is a linear 
limit of T, H' = H n G" and 6»' G Irr( J H" / ) is the T'-reduction of 0, then the triple S' = (G", H' , 6»') 
is a linear reduction of S* = (G, H, 9). 

The following is Proposition 2.21 in [I]. 

Proposition 3.7. Let T = (G", N', if)') be a linear limit of T . Then Z(T')/Ker(T') is the center 
of N' j ^Ker(T') and is a cyclic group, which affords a faithful G' / ^Ker(T') -invariant linear character 
that inflates to Q T > G Irr(Z(T')). Furthermore, Z(T')/Ker(T') is maximal among the abelian 
normal subgroups o/G'/Ker(T') contained in N' /Ker(T'). 



If is a nilpotent group then we can easily see 



EXTENDIBLE CHARACTERS AND MONOMIAL GROUPS OF ODD ORDER 



9 



Remark 3.8. Assume that N is a nilpotent group. Let p\, . . . ,p n be the distinct primes dividing 
\N\. Then N = N± x ■ ■ ■ x N n , where Ni is the j>i-Sylow subgroup of N, for each i = 1, . . . ,n. Let 
ip = ipi x ■ ■ ■ x tp n with tpi S Irr(A^) for i = 1, . . . , n, be the corresponding factorization of ip. We 
write Ti for the triples Tj = {G, Ni, tpi), for all i = 1, . . . , n. If T[ = (G^, N-,^) is a linear limit 
of Tj for all such z, then the group G' = G[ D • • • fl G' n , its normal subgroup N' = N[ x ■ ■ ■ x 
and the irreducible character ijj 1 = ip'^ X • • • X ip' n of N' form a linear limit T' = (G',N',ip') of T. 
Furthermore, if Z[ is the center Z{T[) of T/, and E Irr(Z-) the corresponding central character of 
T/, for alH = 1, . . . , n, then Z' = x • • • x Z' n is the center Z(T') of T' , while C' = Ci x ' ' ■ X C is 
the central character of T". In addition, the kernel of T' satisfies, Ker(T') = Ker(T{) x • • • x Ker(T^). 

Assume now that N/Z(T) is an abelian group. Then we can introduce an alternating bilinear 
form (see section 5 in jl]) c from N/Z(T) x N/Z(T) to the multiplicative group C x of complex 
numbers, defined as 



for all elements x, y of N/Z(T), where x and y are pre-images of x and y respectively, in N. The 
action of G on N via conjugation makes c a G/N- invariant bilinear form. As in the introduction 
we define the perpendicular subgroup B 1 - for any subgroup B < N/Z(T), to be 



We also call any subgroup B of N/Z(T) isotropic if c(B,B) = 1, and we say that N/Z(T) 
is G /N -anisotropic if 1 is the only G/iV-invariant isotropic subgroup of N/Z(T). So the form 
c is non-singular if and only if the perpendicular subgroup of N/Z(T) equals 1, and in this case 
N/Z(T) becomes a symplectic G/N-gvoup. Because the perpendicular subgroup of N/Z(T) is a 
Cr/iV-invariant isotropic subgroup of N/Z(T), if N/Z{T) is anisotropic as a G/iV-group then it is 
also symplectic. Also, Proposition 5.2 and Proposition 5.8 in 4 imply 

Proposition 3.11. If N/Z(T) is a nilpotent group and T is linearly irreducible, then N/Z(T) is 
an abelian anisotropic G /N -group. 

This, along with Proposition 5.9 in implies 



Proposition 3.12. Assume that T' = (G 1 ,N' ,if}') is a linear limit of T , where N'/Z(T') is a 
nilpotent group. Then if)' vanishes on N' — Z(T'), and is a multiple of ' on Z{T'). Hence 
G'(ij)') = G' . 



Assume now that the abelian factor group N/Z(T) is a symplectic G/N-gvoup, i.e., assume that 
the form c defined above is non-singular. (As we noted above, if T is linearly irreducible then 
N/Z(T) is a symplectic G/N-group.) Then the following proposition suggests another way to look 
at linear limits of T. 

Proposition 3.13. Assume that N/Z(T) is an abelian and symplectic G/N-group. Assume further 
that T' = (G',N',ip') is a linear limit of T . Then G = G'N and G' Pi N = N' . Thus inclusion 
G' > G induces an isomorphism of G'/N' onto G/N. This isomorphism turns N'/Z(T') into a 
symplectic G/N-group. In addition, N'/Z(T') is naturally isomorphic, as a symplectic G/N-group, 
to the factor group L /L, where L is maximal among the G / N -invariant isotropic subgroups of 



(3.9) 



c(x,y) = ( {T) ([x,y]) 



(3.10) 



B = {i £ N/Z(T) | c(B,x) = 1}. 
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N/Z(T), and L is the perpendicular subgroup to L with respect to the bilinear form c. Furthermore, 
L = Z(T')/Z{T) while L 1 = N'/Z(T). 

Proof. This is Proposition 5.23 in 0], combined with the earlier results of Propositions 5.18 and 
5.22 in @]. □ 

Proposition 3.14. Assume that T' = (G 1 ',N' \ip') is a linear reduction of T = (G,N,^). If 
Z' = Z(T') is the center of T' and £' the central character of T' , then G' = G(C) and ip' is the 
unique irreducible character of N' = N((') lying above £' and inducing tp. If in addition T' is a 
linear limit ofT and N' /Z(T') is nilpotent then ip' is the only character in Irr(iV'|£'). 

Proof. Let T(X) =T\ = (G\, Ni,ip\) be a direct linear reduction of T, where A is a linear character 
of a normal subgroup L of G contained in N. Then L is contained in the center Z{T\) of T±, see 
Proposition 2.3 in [^. Hence L < Z(T\) < N. Furthermore, the same proposition in [I] implies 
that A is a restriction of the Gi-invariant linear character ("C^) of Z(T\). Since L <G we have 

G(C (Tl) ) < G{\) = G l= d(C (Tl) ) < G(C (Tl) ). 

Therefore, Gi = G((,( Tl >) which in turn implies that N\ = N(^ Tl ^). Furthermore, since ipi is the 
A-Clifford correspondent of ip, while is a Gi-invariant irreducible character of Z(T\) < N\ 
lying above A and under ipi, we conclude that tpi is the unique irreducible character of N\ that 
lies above ^ Tl ^ and induces ip. Hence the first part of the proposition holds for a direct linear 
reduction. A linear limit T' of T is a series of direct linear reductions with starting triple T = Tq 
and ending triple I". Furthermore, Z(T) = Z(T ) < Z(T{) <■■■< Z(T n ) = Z(T'). Hence the first 
part of the proposition follows. 

Assume now that T 1 is a linear limit of T while N'/Z(T') is a nilpotent group. Then Proposition 
13.121 implies that tp' is fully ramified with respect to N'/Z(T'). Hence, see Lemma 2.6 in 
the unique irreducible character of N' lying above is tp'. This completes the proof of the 
proposition. □ 

We conclude this section by proving that linear limits preserve monomial characters (see Propo- 
sition below) . Its proof is based on the following lemma, that is actually the exercise (6.11) in 



Lemma 3.15. Let B be a normal subgroup of a finite group G and 7 be a linear character of B. 
Assume further that x £ Irr(G|7) is an irreducible character of G lying above 7. If x-y € Irr(G(7)) 
is the "y- Clifford correspondent of x i> n the stabilizer G(j) of 7 in G, then x is monomial if and 
only if x-y is monomial. 

Proof. It is clear that if x^i is monomial then x i s monomial, as X7 induces x i n G. 

So we assume that x ls a monomial character, and we will show that x-y 1S 8 ^ so monomial. Let 
K = Ker(x). Of course K < G. It is clear that Xy ls monomial if and only if the irreducible 
character Xj/K °f the factor group G(j)/K that inflates to x 7 , is monomial. Hence it suffices to 
prove the lemma in the case of a faithful irreducible character x> as we can pass to the quotient 
groups G/K and (BK)/K. So in the rest of the proof we assume that K = 1. 



EXTENDIBLE CHARACTERS AND MONOMIAL GROUPS OF ODD ORDER 



11 



Clifford's Theorem implies that the restriction x\b of x to B is a sum of G-conjugates of 7. Thus 
1 = Ker(x|_B) = n sgG y G ( 7 )(Ker(7 s )). But the derived group [B,B] of B is contained in the kernel 
of 7 s for every s G G, as 7 is linear. Thus [B, B] < Ker(x|.s) = 1. So B is abelian. 

We can now follow the hint of problem 6.11 in 0. As x is monomial, there exists H < G and 
A G L'm(H) with x = Thus the irreducible character X HB of HB lies above a G-conjugate 7 s 
of 7, where s £ G. As the G-conjugate A s 1 G Lin(H s ) of A also induces x> we can replace H by 
i? s 1 and A by X s 1 . This way X HB is replaced by (X s 1 ) HS B = (X HB ) S 1 , which lies above 7. 

According to Mackey's Theorem 

(3.16) X HB \ B = (X\ HnB ) B . 

As B is abelian, the right hand side of ()3.16[) equals the sum of \B : H n B\ distinct character 
extensions of \\h<ib to 5, each one appearing with multiplicity one. Thus every irreducible con- 
stituent of X hb \b appears with multiplicity one. This, along with Clifford's Theorem, (as X HB lies 
above 7), implies that 

where S is a family of representatives for the cosets H(^)Bs of H(^)B = (HB)(j) in HB, and 
e is a positive integer. Furthermore, Clifford's Theorem implies the existence of an irreducible 
character 9 G Irr ((HB) (7)) lying above 7 and inducing X HB . The fact that e = 1 implies that 
0| B = 7, i-e., 9 G Irr((#£)( 7 )) is an extension of 7 G Irr(B) to (HB)(^). Thus 6> G Un((HB)(^) 
induces X HB . Hence 9 G = x, as A induces x- Therefore, 9 G ^ is an irreducible character of £7(7) 
lying above 7 and inducing x- As the 7-Clifford correspondent X7 of x is unique, we conclude that 
Q G h) = j£ Hence x-y is induced from the linear character 9, and thus is monomial. 

This completes the proof of the lemma in the case of an abelian B. So the lemma follows. □ 

The above lemma implies 

Proposition 3.17. Assume that T' = (G',N',ij}') is a linear limit ofT. Assume further that 
x' G Irr (G" is the T' -reduction of x £ ln(G\ip). Then x is monomial if and only if x' * s 
monomial. In particular, if G is a monomial group, then every irreducible character of G' that lies 
above ifi' is monomial. 

Proof. Since T' is a linear limit of T, there exists some chain To = T > T\ > • • • > T n = T' of linear 
subtriples of T, such that Tj is a direct linear reduction of Tj_i, for alH = 1, . . . , n. So Tj = Tj_i (Aj), 
where Aj is a linear character of some normal subgroup Li of with Z(Tj_i) < Li < Ni—±. If x 
is an irreducible character of G lying above ip, and thus above then there is also a finite chain 
of irreducible characters Xi G I rr (Gj) starting with Xo = X an d ending with Xn = x'j such that Xi 
is the unique Xi -Clifford correspondent of Xi-i- Hence Lemma 13.151 implies that Xi 1S monomial 
if and only if Xi-l is monomial. We conclude that Xo = X is monomial if and only if x' = Xn is 
monomial. 



The rest of the proposition follows from Remark 13.51 



□ 
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4. Proof of Theorem C 

We begin with a straightforward lemma 

Lemma 4.1. Assume that N is a finite solvable group and let M be a nilpotent normal subgroup 
of N whose quotient group N/M is also nilpotent. Assume further that every p-Sylow subgroup of 
N centralizes the q-Sylow subgroup of M, for all primes p ^ q where p | \N\ and q | \M\. Then N 
is also nilpotent. 

Proof. Let P, Q be a p- and a g-Sylow subgroup of N, for two distinct primes p and q. Let x € P 
and y € Q be two elements of P and Q respectively. It is enough to show that [x, y] = 1. Because 
N/M is nilpotent while {PM)/M and (QM)/M are a p-and a g-Sylow subgroup, respectively, of 
N/M, we have x • y = y-x-m, for some m G M. Hence y~ l -x-y = x- m p ■ m p i , where m = m p x m p / 
is the decomposition of m to its p-part m p and its p'-part m p i. So • fn"/ 1 = x ■ m p . The right 
hand side of the last equation is an element of P, and thus has order a power of p. On the other 
hand x y is an element of some p-Sylow subgroup of N. So x y commutes with m p i by hypothesis. 
Therefore the order of x y ■ m p i can be a power of p only if m p i = 1. Similarly we have m q i = 1, 
where m = m q x m q i is the decomposition of m to its g-and (/-parts. We conclude that m = 1, and 
the lemma follows. □ 

The following is the main tool for the proof of Theorem C 

Lemma 4.2. Assume that G is a monomial finite group. Assume further that G has normal 
subgroups M < N such that M is nilpotent with odd order and N/M is nilpotent. If (f) is any 
irreducible character of M, and T is the triple T = (G,M,(p), then there exists a linear limit 
T' = (G 1 , M', cj)') ofT so that the factor group (G' n N)/ Ker(T') is nilpotent. 

Proof. Let Pi, ■ ■ ■ ,Pk be the distinct primes dividing |JV|. Let {Hi}^ =1 be a Sylow system of N. So 
Hi is a p^-Hall subgroup of N. Furthermore, Hj^iHj = Qi is a pj-Sylow subgroup of N. We also 
write Mi for the p^-Sylow subgroup of M (some could be trivial, and by hypothesis those that are not 
have odd order). So Mi is a normal subgroup of G, for alH = 1, . . . , k, and M = Mi x Mi x • • • x M\.. 
Note that M < i^Mj while the quotient group (iJjM^/M is the p--Hall subgroup of N/M. Hence 
(HiMi)/M is a characteristic subgroup of N/M and thus a normal subgroup of G/M. So HiMi is 
a normal subgroup of G. 

Clearly the irreducible character eft of M can be written as <j> = (f>\ X • • • x 0^, where (pi G Irr(Mj) 
for all £ = 1, . . . , k. For every arbritrary but fixed % = 1, . . . , k, we form the triple Tj = (G, Mi, (pi). 
Let IV = (Gj,M/,#) be a linear limit of T;. We write K[ = Ker(i; / ) for the kernel of T[, and 
Z[ = Z(T[) for the center of T-. If C,[ € Lin(Z 4 ') is the central character of T[, then according to 
Proposition E3H we have G\ = Gi{Q. 

For all j ytz i the pj-Sylow subgroup Mj of M is a subgroup of G[, since it centralizes Mj (see 
Remark 1.3. 4 j) . Hence the group L\ = M n is a normal nilpotent subgroup of G- whose pj-Sylow 
subgroup is M[ and whose pj-Sylow subgroup, for any j ^ i, equals Mj. So 

L • = Mi x • • • x Mj_! x M- x M i+ i x • • • x M fc . 
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Let N- be N DG'i = N{(<) and H[ be a p^-Hall subgroup of N[. Then (if? ■ M()/L\ is the p^-Hall 
subgroup of the nilpotent factor group N[ / L • , and thus B.[ ■ M[ = H[ ■ L • is a normal subgroup of 
G\. 

According to Proposition 13, 7\ the group Z[jK[ is the center of the p^-group M-fK^. If Ci/K'i 
is the unique character of the quotient group Z'JK\ that inflates to then the same proposition 
implies that for all i = 1, . . . , k the groups M' i /K[^ G^/K^ and the character Ci/^l satisfy Condition 
X. In addition, the group H^K-fK- is a p^-Hall subgroup of N[jK[ and its product with M[/K- is 
a normal subgroup of G'JK-. According to Proposition 13. 17l every irreducible character of G\ that 
lies above <$>\ is monomial. But <\J i is the only character of M[ lying above by Proposition 13.141 
So every irreducible character of G\ lying above Cl is monomial. 

Hence every irreducible character of G^/K- that lies above C'i/K'i is monomial. 

The character Ci/K[ ls a G^/A^'-invariant p^-special character of Z[jK[, (one could see (Hj for the 
basic definitions of 7r-special characters). Hence there exists an irreducible pj-special character of 
G'l/K'i that lies above Cl/K'i- Therefore, that character is monomial and the p^-part of its degree is 
1. We can now apply Corollary 031 to the groups G'JK'^ M[jK[ and •) / 'K[, for all i = 1, . . . , k. 
We conclude that (JEZpC-) / 'K- centralizes M[/K- for all such i. Hence the commutator subgroup 
[H-K^, M-] lies inside K[. Therefore, 

(4.3) [Hi Ml] <Ki for ain = l,...,fc, 

where H[ is any p^-Hall subgroup of N[. 

Let G' = GinG' 2 n- • -nG' k . Then G' = G(({, ■ ■ ■ , Q- We also define N' = Nf~)G' = N(([, ...,Q 
and M' = M n G' = M(C[, ...,<£). Of course M' = M[ x • • • x M' k . Also M' < N' < G' . 
Furthermore, the group Z' = Z[ x • • • x Z' k is a normal subgroup of G' contained in M' . The 
character <j)' = <^ x • • • x <j)' k is an irreducible character of M' that lies above the G'-invariant 
linear character (' = ([ x • • • x ( k of Z'. In view of Remark 13.81 the quintuple V = (G f , M', <fi') 
is a linear limit of T = (G,M,(j>), while Z' = Z(T'), £' is the central character £( T ) of T', and 
K' = K[ x • • • x K' k is the kernel Ker(T') = Ker((0') G ") of T' . 

In order to complete the proof of the lemma, it suffices to show that N' /K' is a nilpotent group. 
According to Lemma 14.11 it is enough to prove that every p-Sylow subgroup of N'/K' centralizes 
every g-Sylow subgroup of M'/K', whenever q is a prime divisor of of \M'/K'\ and and p ^ q is a 
prime divisor of \N'/K'\. We fix a prime p = p r that divides \N'/K'\, for some r = 1, . . . , k. Let S' 
be a p-Sylow subgroup of N' . Clearly N' < N- for all % = 1, . . . , k. Hence for all i ^ r, there exists 
a p^-Hall subgroup H[ of N[ so that S' < H[. Therefore (|4.3j) implies 

[S 1 , M'A < K't, for alH ^ r, i = 1, . . . , fc. 

So [{S'K')/K', (M[K')IK')] = 1 for all i ^ r. Hence N'/K' is nilpotent. This proves Lemma IP 

□ 

Now we can prove Theorem C that we restate here. 

Theorem C. Assume that G is a finite monomial group. Assume further that G has normal 
subgroups M < N such that M is nilpotent with odd order and N/M is nilpotent. Let ip be 
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an irreducible character of N. Then there exists a linear limit T' = (G',N',ip r ) of the triple 
T = (G,N,ip) so that the factor group N' / Ker(S') is nilpotent. Hence N is a monomial group. 

Proof. We fix the character ip £ Irr(iV) and an irreducible character <p of M lying under ip. This way 
we can form two triples S = (G, M, (ft) and T = (G, N, ip). According to Lemma 14.21 there exists a 
linear limit S" = (G" , M" , <j>") of S = (G, M, cp) so that the factor group N" / Ker(5") is nilpotent, 
where N" = G" n N. If ip" € Irr(iV") is the ^''-reduction of ip, then the triple T" = (G",N",ip") 
is a linear reduction of T = (G,N,ip), see Remark 13,61 Because M" < N" while ip" lies above <f>" 
the same remark implies that 

Z(S") < Z{T") and Ker(S") < Ker(T"). 

Of course, the direct linear reduction T" of T does not need to be a linear limit of the latter, 
but certainly any linear limit of T" is also a linear limit of T. Let T' = (G',N',ip') be a linear 
limit of T" and T. Then Remark implies that Ker(T") < Ker(T'), while N' < N" . Hence 
Ker(5") < Ker(T') < N' < N". This, along with the fact that N"/Ker(S") is nilpotent, implies 
that N' I ^Ker(T') is also a nilpotent group. Therefore the first part of Theorem C is proved. 

For the rest of the theorem, observe that ip' is a monomial character of N', because N' / Ker(T') 
is nilpotent and Ker(T') < Kertp'. Because ip' induces ip in N, Theorem C follows. □ 

5. Proof of Theorem D 

The proof of Theorem D is heavily based on 

Theorem 5.1. Let Q be a q-group acting on a p-group P, with p ^ q odd primes. We identify both 
P and Q with their images in the semidirect product QP = Q x P. Let T be a finite- dimensional 
right 7L q QP -module such that the action of P on T is faithful. Then there exists an element r € T 
such that its stabilizer (QP)(t) in Q X P equals Q. 

Proof of Theorem I5.il We will prove a series of claims under the 

Inductive Assumption. Q, P, T are chosen among all the triplets satisfying the hypothesis, but 
not the conclusion, of Theorem \5.1V so as to minimize first the order \QP\ of the semidirect product 
Q x P, and then the 7* q -dimension dim^ T ofT. 

These claims will lead to a contradiction, thus proving the theorem. First note that 
Claim 1. T is an indecomposable 7L q QP -module. 

Proof. Suppose not. Let T = T\ +T2 be a direct decomposition of T, where T\,T2 are nontrivial 
ZgQP-submodules of T. For i = 1,2 let Ki be the kernel of the action of P on %. Hence % 
is a 1* q Q x (P/Xj)-module such that P/Ki acts faithfully on it. As dimz q Ti is strictly smaller 
than dimz q T, the minimality in Inductive Assumption provides an element r, € % such that 
(Q x {P / Ki))(Ti) = Q. (Here we have identifying Q with its image in the semidirect product 
Q x (P/Ki).) If we take as r the sum, r = t\ + T2, then r is an element of T fixed by Q, as Q fixes 
each one of the Tj for i = 1,2. Furthermore for the stabilizer of r in P we have 

p(t) = ntxP(Ti) = nUKi. 
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Since P acts faithfully on T the last intersection is trivial. Therefore (QP)(t) = Q, which contra- 
dicts the Inductive Assumption. Hence T is an indecomposable Z^QP-module. □ 

Claim 2. The restriction Tp of T to P is a multiple of an irreducible Q-invariant 7L q P -module. 

Proof. Because q does not divide \P\ we can write Tp as a direct sum of its ZgP-homogeneous 
components, i.e., 

T P = Ui + U 2 + ■■■ + U r . 

So r > 1 and there exist distinct simple Z g P-modules B\ , B2, ■ ■ ■ , B r and positive integers m\ , m 2 , • • • , m r 
such that Ui = m.j£>j as Z g P-modules, for all i = 1, . . . ,r. Observe that right multiplication by 
any element in QP permutes among themselves the Ui. So each QP-orbit Q of the Ui leads to a 
ZgQP-direct summand X^gn^ °^ ^P- According to Claim the group QP acts transitively on 
the Ui. Hence mi = m 2 = • • • = m r = m. Furthermore, if B\ = B and (QP)(B) is the stabilizer 
of the isomorphism class of B in QP, then Vi = B ai , were 1 = o~i, . . . , a r are representatives for the 
cosets in Q ■ P of (QP){B). Thus, U := U x ^ mB = mB ai ,U 2 = mB a2 ,. . . Mr = mB° r . We may 
pick (Ti, . . . ,o~ r to be representatives of the cosets in Q of the stabilizer, Q(B), of the isomorphism 
class of B in Q. Note that Q{B) = Q(U) as U = mB, where Q(U) is the stabilizer in Q of U under 
multiplication in T. If Tp is not homogeneous, then r > 1 and Q(U) = Q(B) < Q. For i = 1, . . . ,r 
let Ki be the kernel of the action of P on Ui. Then for every i = 1, . . . , r the stabilizer Q{Ui) of Ui 
in Q equals the cij-conjugate, Q(U) ai , of Q(U) = Q(B). For the corresponding kernels we similarly 
have Ki = K{ 1 . 

As U is a faithful Z g P//Ti-module and Q(U) < Q, the minimality of \QP\ in the Inductive 
Assumption implies that there exists an element \x € U such that 

(Q(U) x iP/K x ))(jj) = Q(U). 

For every i = 1, . . . , r we can define an element ^ = [iOi of Ui. Then Q{Ui) = Q(Mi) ai fixes in as 
Q(U) fixes [i. Furthermore if x is any element of P fixing then x Gi is an element of P fixing fi. 
Therefore x a i € K\, which implies that x £ Ki. Thus 

(Q(Ui) x {P/K i ))( lM ) = Q{Ui) 

for every i = 1, . . . ,r. 

Let t be the sum of the in for i = l,...,r. Then r is an element of T fixed by Q, since 
multiplication by any element in Q permutes the Ui and the /Xj among themselves. The stabilizer 
P(t) of t in P equals the intersection of the stabilizers of /ij in P for i = 1, . . . , r. Since (Q(Ui) ix 
(P/ Ki))(ni) = QiUi) for every such i, the latter equals the intersection of Ki for i = 1, . . . ,r. The 
faithful action of P on T implies that 

P(r) = nUKi = 1. 



Hence T has an element r with (QP)(r) = Q, contradicting the Inductive Assumption. This 
contradiction proves Claim |2j □ 
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Claim 3. There are no Q-invariant subgroup, H < P, and ZgQH-submodule, S, o/Tqh such that 
T is the 7j q QP -module S® p induced from S, i.e., 

l<i<n 

where the Oi are representatives for the cosets Hoi of H in P. 

Proof. Suppose Claim 01 is false. We choose H to have maximal order among all Q-invariant 
subgroups of P that contradict Claim|31 Hence Tqh has a ZqQi/-submodule, S, such that S® p = T. 
If H is not normal in P then its normalizer, Np(H), in P satisfies H <3 Np(H) < P. Since H is 
Q-invariant, Np(H) is also Q-invariant. Hence S^ Np ^ is a Z 9 QA r p(i7)-submodule of Tqn p (H)- 
Furthermore 

s qn p (H) induces t Thus N P (H) is among the Q-invariant subgroups of P that 
contradict Claim |31 while \Np(H)\ > \H\. So the maximality of \H\ implies that H is normal in P. 

Let 1 = o"i, . . . , Of. be coset representatives of H in P, and let a m denote the image of a m in P/H 
for m = 1, . . . , k. Then 1 = <fi, a-i, ■ ■ ■ , (f^ are the distinct elements of P/H. As Q acts on P/H, it 
has to divide the a m , for m = 1, . . . , k, into orbits, R%, R2, ■ ■ ■ ,Ri, for some I £ {1, ... , k}. We may 
choose R\ to be equal to {<7i} = {1}- For every i = 1, ■ ■ ■ ,1, we pick some element a^i £ Then 
Ri = {a^YjZ^ 1 where k\ = \Ri\ and qj runs over a set Qj of coset representatives of the stabilizer, 
Cq(<7i,i); in Q. For every i = 1, . . . , I the stabilizer Cq^^i) acts by conjugation on H and on er^iif, 
where crj 1 G P has image ct^i G P/H. Furthermore, -ff acts transitively by right multiplication 
on Oi\H and (x/i) c = x c h c for all x G o~i^\H,h £ H,c £ Cq^i). Hence Glauberman's Lemma 
(13.8 in 7 ) provides an element t^i G c^i-ff that is fixed by Cq^ct^i). So Cq^x) > Cq^i). 
Furthermore, the opposite inclusion, Cq(^i) < Cq^^i), also holds as cr^i = ti^H. Hence, 

Cq(U,i) = C Q (a i: i). 

In this way we can pick a tj 1 G anH, for every i = 1, . . . , I, such that Cq^i) = Cq(ct$ 1). We can 
even assume that ix,i = 1- Let ijj denote the (^-conjugate, t\\, of i^i for every j = 1, . . . , ki. Hence 
the set of all tij, for i = 1, . . . I and for j = 1, . . . , ki, is a complete set of coset representatives 
of H in P. Furthermore the Q-orbit Ri corresponds to a Q-orbit Ri = . . . ,U k i }, for every 
i = l,...,l. 

Let i^s be the kernel of the action of H on S. As \H/K$\ < \P\, the minimality of \QP\ in 
the Inductive Assumption implies that there exists [i G S such that its stabilizer, (Q x H/Ks)((J>), 
in Q x H/Ks equals Q, or equivalently (QH)(fj,) = QK$. We note here that K$ < H. Indeed, 
if H acts trivially on S, then T is induced from a trivial module and thus contains both trivial 
and non-trivial irreducible Z^P-submodules, contradicting Claim^ We also have that fx ^ since 
Q = (Q x H/Ks)(n) < QH/Ks- We denote by fjiij the ^-translation of /j,, for every i = 1, . . . ,1 
and for every j = 1, . . . ,ki. Then fitij is an element of <Stjj such that 

;Q' I hi i,!,.,) (/■■■ ' . 

since we get that 

(5.2a) T = S QP = ^ SU,j = S+ Yl Yl Sti >r 

l<i<ll<j<ki 2<i<ll<j<ki 
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Let r be the element of T denned by 



(5.2b) r = - f M + J2J2' jtt 



h3 ~ 



i=2 j=l 



We claim that r satisfies the condition in Theorem l5.11 i.e., that (QP)(r) = Q. This will contradict 
the Inductive Assumption, and thus prove Claim El Indeed, Ri = {ij,i, • • • , ij,/^} is a Q-orbit for 
every i = 2,..., I. Also /u and — fi are Q-invariant as (QH)(—/j,) = (QH)(/j,) = QK$. Hence 



i = 2, . . . , I and j = 1, . . . , ki, while {—[i)x is an element of S. Since tx = r, it follows from (|5,2j) 
that (—fJ.)x = —\x and (fitij)x = [itij for every i = 2, . . . , I and for every j = 1, . . . , fcj. Hence x is 
an element of: 



As H acts faithfully on T, we get that f|Li CljU K s' 3 = L Hence H ( T ) = L 

Now let x G P \ H. We claim that tx ^ r. Indeed any x G P permutes the Sti.j among 
themselves. If x fixes r, then it also permutes among themselves the summands — fi and fiti j, for 
i 7^ 1, of r. Since Sx / 5 we have (— /j,)x = fitij for some i = 2, . . . , / and some j = 1, . . . , fcj. 
But as x G P \ H we have that x = ht for some coset representative t = ii j of H in P with 
?o = 2, . . . , I and some element h E H. Hence fjttij = (—/J-)x = (—fj,)ht G St, which implies that 
tij = t and (—fj,)h = [i. This last equation leads to a contradiction as h has odd order (|Pj is odd) 
and fi —fx ( as S < T has odd order, while /i^O). Therefore t x ^ t whenever x G P \ H. Hence 
P(r) = -P(t) = 1 an d (QP)(r) = Q, contradicting the Inductive Assumption. This contradiction 
proves Claim |SJ □ 

Claim 4. The restriction T4 ofTto any normal subgroup A < P of QP is a multiple eB of a single 
faithful QP -invariant r L v A-module B. Hence every normal abelian subgroup A of QP contained in 
P is cyclic. 

Proof. Let A be a normal subgroup of QP contained in P, and let Ta be the restriction of T 
to A. According to Claim and Clifford's Theorem, T4 can be written as a direct sum of its 
"LqA- homogeneous components, i.e., 



Furthermore, P acts transitively on the Wj for all i = 1, . . . , s, while Q permutes the Wj among 
themselves (as T is a Z^QP-module). Hence Glauberman's lemma implies that Q fixes some 1i q A- 
homogeneous component, W, of T4. Note that Clifford's theorem implies that the homogeneous 
component W of 7^ is a Z g (5P(>V)-submodule of T, where P(W) is the stabilizer of W under 
multiplication of elements of T by elements of P. Furthermore, the Z q QP (W)-submodule W 
induces the Z^QP-module T = W QP . In view of Claim 13 we must have W = T. Hence T4 = eB 






Pa = Wi+W 2 + --- + W s . 
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where B is an irreducible Q-P-invariant Z^A-submodule of T. As P acts faithfully on T, the "LqA- 
module B is also faithful. If A is abelian, the existence of a faithful irreducible Z^A-module implies 
that A is cyclic. Therefore, the claim is proved. □ 

The (/-group Q acts on the non-trivial g-group T, fixing the trivial element of T. Hence the 
group Q fixes at least q elements of T. So Q fixes some r with 

(5.3) r G T and r ji 0. 

Hence, to complete the proof of Theorem 15.11 by contradicting the Inductive Assumption, it is 
enough to show that P(r) = 1 

By Claim every characteristic abelian subgroup of P is cyclic. Since p is odd, Theorem 4.9 of 
[2] implies that either P is cyclic or P is the central product E © C, of the extra-special p-group 
E = Oi(P) of exponent p, and the cyclic group C = Z(P). 

According to Claim the Z ? Z(P)-module 7~z(P) ls a multiple of a faithful irreducible QP- 
invariant Z g Z(P)-module B, i.e., Tz(P) = m B- Hence Z(P) acts fix point freely on T, as it acts fix 
point freely on B (or else B wouldn't be simple and faithful). 

If P is cyclic, then P = Z(P). Thus P acts fix point freely on T. Hence no element of Z(P) — {1} 
could fix r. Hence P(t) = 1. So (QP)(t) = Q, contradicting the Inductive Assumption. Therefore, 
P can't be cyclic. 

Hence, 

(5.4) P = EQC = n 1 (P)QZ(P), 

where E = tti(P) is an extra special p-group of exponent p and C = Z(P) is cyclic. Therefore the 
quotient group P = P/Z{P) is an elementary abelian p-group. Furthermore P affords a bilinear 
form c : P x P — > Z{E) defined, for every x,y £ P, as c(x,y) = [x,y], where x,y are elements 
of P whose images in P are x and y respectively. With respect to that form P is a symplectic 
Z p (Q)-module. 

Claim 5. The symplectic Z p (Q) -module P is anisotropic. 

Proof. Assume not. Then there is an isotropic non-zero Z p (Q)-submodule A of P. Hence c(a, b) = 
for every a, b £ A, because A C A ± . Therefore, the definition of the symplectic form c implies that 
the inverse image A of A in P is an abelian subgroup of P containing Z(P). Since A is a Z P (Q)- 
submodule of P, the abelian group A is a normal subgroup of QP contained in P. Hence by Claim 
H] , A is cyclic and properly contains Z(P). Therefore there exists an element o£i \ Z(P) such 
that dP is a generator of Z(P). On the other hand, equation Q5.4JI implies that a = uj ■ c where 
u G fii(-P) and c 6 C = Z(P). Hence aP = tu v ■ c p = c v . Since o? is a generator of the cyclic 
non-trivial p-group Z(P) and c G Z(P), this last equation leads to a contradiction. This proves 
the claim. □ 

Now we can complete the proof of Theorem 15. II If (QP)(t) ^ Q then there exists a Q-invariant 
subgroup D = P(t) ^ 1 of P such that (QP)(t) = QD. Hence the center Z{D) of D is a non- 
trivial Q-invariant abelian subgroup of P. Therefore its image Z(D) = Z (D) Z (P) / Z (P) in P is 
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an isotropic Z p (Q)-submodule of P. Since P is anisotropic, Z(D) = 1, i.e., Z(D) is contained in 
Z(P). 

As we saw, Z(P) acts fix point freely on T. This implies that no element of Z{P) — {1} could 
fix r. Hence Z{D) = 1, contradicting the fact that Z{D) ^ 1. So (QP)(t) = Q, contradicting the 
Inductive Assumption. This final contradiction completes the proof of Theorem 15.11 □ 

In terms of characters, Theorem 15. II implies 

Corollary 5.5. Let Q be a q-group acting on a p-group P with p ^ q odd primes. Suppose that 
the semi-direct product Q x P acts on a q-group S such that the action of P on S is faithful. Then 
there exists a linear character A of S whose kernel Ker(A) contains the Frattini subgroup $(S) and 
whose stabilizer (QP)(\) in Q X P is Q. 

Proof. Let T be the quotient group T := S/&(S). Then T is a 7L q QP- module. We write T* 
for its dual Z g QP-module, i.e., T* = Hom2 9 (T, Z 9 ). Then P acts faithfully on both T and T*. 
Furthermore, according to Theorem 15.11 there is an element r G T* whose stabilizer in QP equals 
Q. Since the linear characters of T can be considered as the elements of T* composed with some 
faithful linear character of Z g , we conclude that there is a linear character A* G Lin(T) whose 
stabilizer in QP is Q. Let A be the linear character of S to which A* inflates. Then &(S) < Ker(A). 
Furthermore, (QP)(X) = (QP)(X*) = Q, and the corollary follows. □ 

The following is a straightforward lemma. 

Lemma 5.6. Let P be a p-subgroup of a finite group G and let Q\ < Q be q-subgroups of G, for 
some distinct odd primes p and q. If P normalizes Q\, and Q normalizes their product Q\P, then 
QP is also a subgroup of G with Q G Syl q (QP),P G Sy\ p (QP), while Q X P < QP and Q\ < QP. 
Furthermore, Q is the product Q = [Q 1 ,P]N Q (P), where [Qi,P] < QP and [Qi,P] n N Q (P) = 
C [QuP] (P)<mQ l7 P]). 

Proof. Since P normalizes Q\, the latter is a characteristic subgroup of Q\P. Therefore, the fact 
that Q normalizes Q\P implies that Q normalizes Q\. So Q\ < Q. 

The product, QP = Q(Q\P), is a subgroup of G, since Q normalizes the semidirect product 
Ql x P. That same product Q\P is a normal subgroup of QP = Q{Q\P). We obviously have that 
Q G Syl q (QP) and P G Syl p (QP). 

By Frattini's argument for the Sylow p-subgroup P of Q\P <! QP we get 
(5.7a) QP = Q 1 PN QP (P). 

The normalizer, Nqp(P), of P in QP contains P. So it is equal to PNq(P). Hence (j5.7a|) can be 
written as QP = QiN Q (P)P. Since QiNq(P) < Q and Q D P = 1, we conclude that 

(5.7b) Q = Q 1 N Q (P). 

Because (|Qi|, \P\) = 1, and P acts on Qi, we can write Q\ as the product Q\ = \Q\, P]Nq 1 (P). 
The commutator subgroup [Qi,P] is a characteristic subgroup of Q\P and thus is also a normal 
subgroup of Q, as Q normalizes Qi-P. Therefore, ()5.7b|) implies 

Q = [Qi,P]N Q (P). 



20 



MARIA LOUKAKI 



That [Qi,P] n Nq(P) = C\Q lt p-\(P) is obvious as (|Qi|, \P\) = 1. Also the quotient group K := 
[Qi,P]/$([Qi,P]) is abelian and thus K = [K,P] x C K (P). As [Qi,P,P] = [Qi,P] (by Theorem 
3.6 in 6 ), we get that K = [K,P] and C K (P) = 1. This implies that C [QljP] (P) < $([Qi,P]). □ 

As an easy consequence of Corollary 15.51 and Lemma 15.61 we have: 

Proposition 5.8. Let Q be a q-group acting on a p-group P with p ^ q odd primes. Suppose that 
the semi-direct product Q k P acts on a q-group S such that the action of P on S is faithful. Then 
there exists a linear character A of S such that Cs(P) < Ker(A) and (QP)(A) = Q. 

Proof. As P acts on S we can write S as the product S = [S,P] • Cs(P)- It is clear that the 
product QCs{P) forms a group. Furthermore, QCs(P) normalizes P and the semidirect product 
(QCs(P)) x P acts on [S, P], while the action of P on [S,P] is faithful. Then according to 
Corollary 15.51 there exists a linear character Ai of [S,P] such that (QCs(P)P) (Ai) = QCs(P), 
while $([S,P]) < Ker(Ai). 

As we have seen in Lemma 15.61 

[s,p]nc s (p) = c [s>P] (p)<ms,p]). 

Since Ai is a linear character of [S,P] that is trivial on $([S I , P]) and Cs(P)-invariant, the above 
inclusion implies that Ai has a unique extension to a linear character A of S trivial on Cs(P). 
Furthermore, (QP)(A) = (QP)(Ai) = Q, and the proposition follows. □ 

We can now prove a special case of Theorem D where P{(5) is trivial. In this special case the 
new character we get is linear. In particular we have 

Lemma 5.9. Let P be a p-subgroup of a finite group G, where p is an odd prime. Let Qi,Q 
be q-subgroups of G for some odd prime q ^ p, with Q\ < Q. Assume that P normalizes Qi 
while Q normalizes the product Q\P. Assume further that (3 is an irreducible character of Q\ such 
that P((3) = 1. Then there exists a linear character A of Q\ such that 1 = P(/3) = P(A), while 
Q(/3) < Q(^) = Q and A extends to Q. 

Proof. Because Q normalizes the product Q\ x\ P, it normalizes its characteristic subgroup Q\. Let 
C = Nq{P) be the normalizer of P in Q. Frattini's argument implies that 

Q = N Q (P)Q 1 = CQ X . 

In addition, C normalizes P and the semidirect product CP acts on Q\. The fact that P{(3) = 1 
implies that P acts faithfully on Q\. Therefore we can apply Proposition 15.81 to the groups C,P 
and Qi here in the place of Q,P and S there respectively. We conclude that there exists a linear 
character A G Lin(Qi) such that C Ql (P) < Ker(A) and (CP) (A) = C. 

This last equation implies that P(A) = P{(3) = 1. Since Q = CQ± and C fixes A we conclude 
that Q also fixes A. Furthermore we have 

C f)Qi = Nq(P) n Qi = Cq 1 (P) < Ker(A). 

Therefore A can be extended to Q. 



As Q(/3) < Q = Q(A), the proof of Lemma IB~9l is complete. 



□ 
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Finally we can now prove Theorem D, that we restate here. 

Theorem D. Let P be a p-subgroup, for some odd prime p, of a finite group G. Let Qi,Q be 
q-subgroups of G, for some odd prime q ^ p, with Qi < Q. Assume that P normalizes Q\, while 
Q normalizes the product Q\ x P. Assume further that f3 is an irreducible character of Q\. Then 
there exists an irreducible character (5 V of Q\ such that 

p{$) = p{n, 

Q(P) < Q(P U ) and N Q (P(I3)) < Q(/T), 
I3 V extends to Q{f3 u ). 

Proof of Theorem D. Let P{(3) be the stabilizer of (5 in P and P\ be the normalizer of P(/3) in P. 
Let P\ denote the quotient group Pi/P(/3). We write C\ for the centralizer, C\ = C{P{(3) in Qi), 
of P((3) in Q\. Then it is clear that Pi acts on C\. 

The Glauberman correspondence (Theorem 13.1 in [7j), applied to the groups P(/3) and Q\, 
provides an irreducible character (3* of C\ corresponding to the irreducible character f5 of Q\. 
Because Pi normalizes both P(J3) and Qi we get that Pi(/3*) = Pi(/3) = P(J3). If Pi{(3*) < P(f3*) 
then Pi([3*) < N{Pi(fi*) in P(f3*)) = N(P(/3) in P(/3*)) = which is impossible. Therefore 

P(p) = Flip) = P{p) = P x {p). 

We remark here that because P{j3) centralizes C\ = C{P{j3) in Qi), we have P(f3) < C(C\ in Pi) < 
P x (/3*) = p(f3). Hence C(C X in P x ) = P(/3) and P[ acts faithfully on C x . 

Let C := N(P((3) in Q) be the normalizer of P(/3) in Q. Then C\ is a normal subgroup of C 
as Qi < Q. Furthermore, C normalizes A r (P(/3) in PQi) because Q normalizes the product PQ\. 
As PiCi = N(P(f3) in PQi) we conclude that C normalizes the product P\C\. Hence Frattini's 
argument implies that 

C = N(P 1 in C)d. 

Now we can apply Lemma l5?9l to the groups C, C\ and Pi and the character j3* G Irr(Ci), in the 
place of Q,Qi, P and /? respectively. We conclude that there exists a linear character A £ Lin(Ci) 
such that 

(5.10a) Pi(/3*) = 1 = Pi(A), 

(5.10b) C{P*) < C(A) = iV c (Ci) = C 

(5.10c) A extends to C(A) = C. 

Equation (I5.1()al) above implies that Pi (A) = P(/3). Thus P{j3) = Pi (A) < P(A). We actually 
have that P(A) = P(f3). Indeed, if P(/3) < P(A), then P(/?) would be a proper subgroup of 
N{P(P) in P(A)). Thus P(fl) < N(P(J3) in P(A)) = N(P([3) in P)(A) = Pi(A) = P(J3). So 

Pi(A)=P(/?) = P(A). 

Let j3 u € Irr(Qi) be the Glauberman P(/3)-correspondent to A. Because CPi normalizes both 
P(f3) and Qi we get (CPi)(/?") = (CPi)(A) = CP(/3). Hence P(^) > P x (^) = P X (A) = P(^). If 
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P{f3 u ) > P(fi) then P(fi) < N(P(f3) in P(0 U )) = Pi{0 v ) = P{fi). Thus 

P(/T) = P(A) = P((3) 

and (C{PQx))(p v ) = CP(/3)Qi. Since C fixes /?" and normalizes P{(3) we have C < N(P((3) in Q(/J")) < 
N(P(pj in Q) = C. Hence 

2V(P(/3) in Q) = C = N{P((3) in Q{fi v )) < Q{(5 U ). 

In order to show that V extends to Q((3 V ), we first observe that Q\P{0) = (Q x P)(0 v ) = 
(QiPi){(3 u ) as P(/3") = P(/3) = Pi(f3 u ). So the group QiP(P) = (QiP)(f3 u ) is a normal subgroup 
of Q{(3 V )P{I3) as Q normalizes the product Q\P. Because A extends to C while P((3) fixes A and 
has coprime order to that of C, we conclude that A can be extended to CP((3), (see Theorem 6.26 
in 0). So we can apply the Main Theorem in [12] to the groups P{f3)Q(f3 u ), P{(3)Qi and Q x . We 
conclude that j3 v extends to P((3)Q((3 l/ ) as its P(/3)-Glauberman correspondent A can be extended 
to P(J3)C = P(P)N(P(f3) in Q(J3")). We write p u > e for an extension of V to Q{f3 v ). 

To complete the proof of the theorem it remains to show that Q(/3) < Q{(3 U ). The group 
(Q\P)((3) = QxP((3) is a normal subgroup of Q(/3)P(f3), as Q normalizes Q\P. Hence Frattini's 
argument implies that 

Qifi) = QxN{P{fi) in Q(f3)). 
Therefore Q{(3) < Q\N{P{fl) in Q) = Q\C. But we have already seen that Q%P({3) is a normal 
subgroup of Q{(3 U )P{(3). Hence the Frattini argument implies that 

Q(/T) = QiiV(P(/3) in Q(/3")) = Q X C. 

Thus Q(0) < Q{(3 U ) and the theorem follows. □ 

6. Proof of Theorem E 

We first need some lemmas. 

Lemma 6.1. Assume that G is a finite group and that S < H are subgroups of G with S normal 
in G. Assume further that 9 G In(H) lies above A G Irr(S'). Let 9\ G Irr(iT(A)) denote the unique 
\-Clifford correspondent of 9. If extends to its stabilizer G{9) in G, then 9\ also extends to 
G(9,X). 

Proof. A straight forward application of Clifford Theory implies that G(9,X) < G(9\). Further- 
more, as G(9) fixes 9 it permutes among themselves the members of the -ff-conjugacy class of 
characters in Irr(S') lying under 9. Since A G Itt(S) lies under 9 we get 

(6.2a) G(9) = H ■ G(9, X) < H ■ G(6\). 

In addition, 

(6.2b) G(9,X)nH = H(X). 

Let 9 e G Irr(G(0)) be an extension of 9 to G(9). Then 9 e lies above A. Let ^ G Irr(G(0, A)) 
denote the unique A-Clifford correspondent of 9 e G Irr(G(0)). So \& lies above A and induces 9 e . 
Therefore, 
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Mackey's Theorem, along with (jfi.'ij) . implies that 

(* G{9) )\ H = m H{ x)) H ■ 

Hence (^\h(\)) H = ^ is an irreducible character of H. So the restriction ^\h(\) is an irreducible 
character of H(X) that induces 9 and lies above A (as ^ lies above A). We conclude that ^\h(\) 
is the A-Clifford correspondent of 9. Hence ^\h(\) = @\- Thus is an extension of 6\ to G(9,X), 
and the lemma follows. □ 



Applying this lemma to direct linear reductions we can prove 

Lemma 6.3. Let T = (G, N, ip) be a triple, and T' = (G', N 1 , ip') be a linear reduction ofT. Let H 
be any subgroup of G with N < H . If £' is the central character of T', then H' = H n G' = H(^'). 
Also if ip extends to H(ip) then ip' extends to H'{ip) = H'(ip'). 

Proof. Assume first that T' is a direct linear reduction of T. So T' = T(A) where A is a linear 
character of a normal subgroup L of G with Z(T) < L < N. Furthermore, A lies above the central 
character £ € Irr(Z(T)) of T. In addition, if Z(T') is the center of T', and £' € Lin(Z(T') its central 
character, then Z(T) < L < Z(T') < N while £' lies above A. 

According to Proposition EH we have G(X) = G' = G(('). Hence if H' = H n G' then H(X) = 
H' = H (C)- This, along with Lemma 16. 11 implies that ip 1 extends to H(ip, A) = H'(ip) whenever ip 
extends to H(ip). But H{ip,\) = H(ip',X) = H'(ip'), since ip 1 is the A-Clifford correspondent of ip. 
This implies the lemma in the case that T' is a direct linear reduction. If T" is a linear reduction, 
then repeated applications of the above argument completes the proof of the lemma. □ 

Lemma 6.4. Let Q be a normal q-subgroup of a finite group G, for some prime q. Assume further 
that E <G with E <Q, while A € In{E) and % £ Irr(Q|A). If A is a q' -subgroup of G then there 
exists a Q-conjugate Ai G Irr(E') of A that is A{\) -invariant and lies under x- 

Proof. Clifford's Theorem implies that x nes above the Q-conjugacy class of A. The 7r-group A{x) 
fixes x> an d normalizes E, as the latter is normal in G. Hence A(x) permutes among themselves 
the Q-conjugates of A. As |Q|) = 1, Glauberman's Lemma (Lemma 13.8 in 0) implies 

that A(x) fixes at least one character Ai of the Q-conjugates of A. □ 

The above lemma implies 

Proposition 6.5. Let Q be a normal q-subgroup ofG, while A is any q' -subgroup ofG. Ifx & Irr(Q) 
we write T for the triple T = (G, Q, x)- Then there exists a chain of linear subtriples Tq, T±, . . . , T n 
ofT starting with Tq = T and ending with a linear limit T n = T 1 ofT, so that for all i = 0, 1, ... ,n, 
the central character ^ Ti ^ ofTi is A(x) -invariant. We call such a T' , an A(x) -invariant linear limit 
ofT. 

Proof. Let T\ = (G\, Qi,Xi) De a direct linear reduction of T = (G, Q, x)- Then T\ = T(Xi), where 
Ai is a linear character of a normal subgroup E\ with E\ < Q. According to Lemma 16.41 there is 
a Q-conjugate of Ai that is A(x)-invariant. Thus, without loss, we may assume that Ai is A{x)- 
invariant. So A(x) < G\ = G(X\). Because A(x) fixes Ai, while xi €E Irr(Qi) is the Ai-Clifford 
correspondent of x i n Qi = Q(Ai), we get A(x)(xi) = A(x)- Let Z\ be the central subgroup of 
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T\, so E\ < Z\ < Q\. If (j G Lin(Zi) is the central character of T\, then d lies above Ai while 
XiU(Tx) = Xi(l) ' Ci- Hence A(x) = Mx,Xi) also fixes &. 

Let Ti = (G2, QiiXi) De a direct linear reduction of T\. So T2 = T\(\2), for some linear character 
A2 G Irr(£ , 2) ! where £"2 < Gi. Since A(x) = A(x,Xi)i Lemma IQl implies that we can pick A2 to 
be ^4(x)-invariant. Hence the A2-Clifford correspondent \2 of Xi ls a l so ^4(x)-i nvar i an t- Therefore, 
the central character £2 of T2 is also ^4(x)-invariant, while A(x) = A(x,X2)- We proceed similarly 
at every direct linear reduction until we reach T'. □ 

Proposition 6.6. Let G be finite group of odd order such that G = NK, where N is a normal 
subgroup of G and (\G/N\, \N\) = 1. Let H = N n K and let 9 be any irreducible K -invariant 
character of H that induces an irreducible character 9 N of N . Then 9 has a unique canonical 
extension, 9 e , to K such that (\K/H\, o{9 e )) = 1 (where o{9 e ) is the determinantal order of9 e , see p. 
88 in [Tjj. Also 9 N has a unique canonical extension, (9 N ) e , to G such that (\G/N\,o((9 N ) e )) = 1. 
Furthermore, 9 e induces 

(9 e f = {9 N ) e . 

Proof. Let tt be the set of primes that divide \N\. Then \K/H\ = \G/N\ is a 7r'-number, and thus 
is coprime to \H\. Because 9 G Irr(H) is i'T- invariant, there exists a unique extension 9 e to K such 
that 

(6.7) o(9) = o(9 e ), 
by Corollary 6.28 in [7]. 

According to Corollary 4.3 in 8 , induction defines a bijection Irr(K\9) — > Iyt(G\9 n ). Therefore, 

(6.8) x ■= (0 e f € Itv(G\9 n ). 

But 9 N is G-invariant since 9 is i^-invariant and G = NK. This, and the fact that (\N\, \G/N\) = 1, 
implies that 9 N extends to G. Let ^ = (9 N ) e G Irr(G) be the unique extension of 9 N such that 
o(^>) = o(9 N ) is a 7r-number. Since x nes above 9 N , Gallagher's theorem (see Corollary 6.17 in 0) 
implies that 

for some \i G Irr (G/iV). We compute the degree deg(x) in two ways. First 

deg(x) = deg(/i) • deg(tf) = deg(^) • deg(0 N ) = deg(/z) • \N : H \ ■ deg(9). 
As x = (9 e ) G we also have that 

deg(x) = \G : K\ ■ deg(6> e ) = \G : K\ ■ deg{9) = \N : H\ ■ deg{9). 
We conclude that deg(/i) = 1. Thus fx G Lin(G/iV). Therefore 

(6.9) det(x) = det(*). 

We can now compute o(x) in two ways. First, o(^) = o(9 N ) and ^(1) = (1) are 7r-numbers. 
Since fj, G Irr(G/iV), we get that o(/i) is a 7r'-number. Therefore, (j6.9j) implies that the 7r'-number 
o(/u) divides o(x). 
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On the other hand, (|6.8j) and Lemma 2.2 in [H] imply that 

o( x ) = o{(9 e f) divides 2 • o{9 e ). 

As G has odd order, we get that o(x) divides o(9 e ). In view of l|6.7j) . we have o(9 e ) = o(9), while 
o(0) | \H\. We conclude that o(x) is a 7r-number. 

Hence the only way the ir'- number o(fi) can divide o(x), is if o(/i) = 1. So n = 1, and 

(r) G = x = * = (O e , 

as desired. □ 

Lemma 6.10. Let E <Q be subgroups of a finite group G, and be irreducible characters of E 
and Q, respectively, with (3 lying above Q. Let T be any subgroup of G that normalizes both E and 
Q- If Q <T < G{(3) then T = T(£) • Q. If in addition T is a Sylow subgroup of G{0) then T(£) is 
a Sylow subgroup of G(/?,£). 

Proof. Since T fixes (3, it permutes among themselves the Q-conjugacy class of characters in Irr(.E) 
lying under (5. So T < T(() ■ Q. The other inclusion is trivial. 

Now assume that T is a g-Sylow subgroup of G(/3), for some prime q. Since G{j3) = G{j3,C)Q 
with G(0,C) n Q = Q(Q, the index [G{0) : G(j3,Q] equals the index [Q : Q(()]. Similarly, 
[Q : Q(Q] = [T : T(£)]. Hence the index of T(C) = G({3, () flT in G((3,() is a g'-number, which 
implies that T(Q is a Sylow g-subgroup of G(f3,Q. □ 

The following is a well known result that we will use repeatedly below. 

Lemma 6.11. Let M = A x B be a finite solvable group where (\A\, \B\) = 1. Let (3 € Irr(i?) 
be M -invariant. Then there is a unique canonical extension (3 e of (5 to M . Furthermore, for any 
irreducible character x °f M lying above (5 there exists a unique irreducible character a of A such 
that x = a ■ P £ ; where 

X(x ■ y) = a{x) ■ (3 e {xy), 
for all x G A and y G B. We will write x = a K P, to denote the above product. 

Proof. The existence of a unique canonical extension (3 e of (5 follows from Corollary 6.28 in jjj. The 
rest of the lemma follows from Corollary 6.17 in [Jj. □ 

Definition 6.12. If M = A K B where ( |^4| , \B\) = 1, and a G Irr(^4) while 1b is the trivial 
character of B, we write a tx 1b (or simply a x 1 if B is clear), for the unique irreducible character 
of M defined as a x l(x ■ y) = a{x) , for all x G A and y G B. Notice that if M < G then 
G(a) < G(a x 1), while G(a) = G(a x 1) if G normalizes ^.Furthermore, if M < G then Frattini's 
Argument implies that G(a x 1) = G(a) ■ B. 

In view of the above definition we slightly generalize Proposition 16.51 to 

Proposition 6.13. Let M = P x B be a normal subgroup of G, where P is a p-group and B is 
a normal p' -subgroup of G. Let x € Irr(M) where x = o< k 1 and a G Irr(P). Let T be the triple 
T = (G,M,x)- If A is any p' -subgroup of G then there exists an A(x) -invariant linear limit T' 
of T, i.e., there exists a chain of linear subtriples Ti = (Gj, M^Xi), for i = 0, ...,n starting with 
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T = Tq and ending with the linear limit T n = T' of T so that for all i = 0,1, ... ,n, the central 
character Q ofTi is A(x) -invariant. Furthermore, T = Tj_i(Aj) for all i = 1, . . . ,n where Aj is an 
A(x) -invariant linear character of Li lying under Xi-i an d above Ci-i; an d Li is a normal subgroup 
ofGi-i with B < Z(Ti_i) < Li < Mj_i. 

Proof. Let f be the triple f = (G, M, x), where G = G/B, M = M/B ^ P andj £ Irr(M) is the 
unique irreducible character of M that inflates to \ £ Irr(M). We also write A for the quotient 
group A = (A(x)L>) 1 1 B. Clearly A fixes x, and its order is coprime to that of M. Hence Proposition 
1(151 implies that there exists a chain of A- invariant linear subtriples {7j}™ =0 , so that Tq = T, Ti is 
a direct linear reduction of Tj-i, while T n is a linear limit of T and the central character Q of each 
Ti is A-invariant. 

Let Ti = (Gi, Mi,Xi), for i = 0, 1, ... ,n. Then Gi = d/B , M { = Mi/B, where G { and Mi are 
subgroups of G with Mi < M. In addition, x% inflates to a unique irreducible character Xi of Mj. 
So Ti = (Gi, Mi, Xi) is a subtriple of T for all such i. Furthermore, it is easy to see (with the use 
of Proposition 13.1(1 that if Z(Ti) is the center of Tj then Z(Ti) = Zi/B where Zi is the center of 
Tj. In addition, the central character ^ Ti ^ £ Irr(Z(Tj) of Tj is inflated from the central character 
Q £ Iri(Zi) of Ti. Hence the fact that Q is ^-invariant implies that Q is >l(x)-invariant, for all 

i = 1, ... ,74. 

Even more, Tj is a direct linear reduction of Tj_i, for alH = 1, . . . , n. Indeed, the fact that Tj is a 
direct linear reduction of Tj_i implies that Tj = Tj_i(Aj), where A, is a linear character of the normal 
subgroup Li of Gj-i that satisfies Z(Tj_i) < Zj < Mj_i, while Aj lies under Xi-i- Hence Lj = Li/B, 
where Li is a normal subgroup of Gi-\ with < Lj < Mj_i and Aj inflates to a unique linear 
character Aj of Li that lies under x«-i- Now it is easily to see that Gi = Gj_i(Aj) = Gi-\(\)/B. 
So Gi = Gj_i(A) and similarly, Mj = Mj_i(A). Because Xi € Irr(Mj) induces Xi—l t° -^i-i) we 
have that Xi £ Irr(Mj) induces Xi-l to Mj_i. Also Xi lies above Aj and thus Xi 1S the Aj-Clifford 
correspondent of Xi-l) f° r alH = 1, . . . , n. We conclude that Tj = Tj_i(Aj), for alii = 1, . . . , n. In 
addition, Aj is ^4(x)-invariant since Aj is A invariant for all such i. 

To see that T n is a linear limit of T observe that the procedure described above works both ways. 
So any direct linear reduction of T n determines a direct linear reduction of T n . As the latter triple 
is irreducible, we have that T n is a linear limit of T. □ 

We first prove: 

Theorem 6.14. Assume that G is a finite group. Let L < M < N be normal subgroups of G, 
so that N/M, M/L and L are nilpotent group while N has order p a q b for distinct odd primes p, q. 
So L = L p x Q where Q is the q-Sylow and L p the p-Sylow group subgroup of L. Let M p be a 
p-Sylow subgroup of M and let H = M p L. Assume that <f> £ Irr(L) and 9 £ Iri(H) lies above cj). 
Let 9^ £ Itt(H(/3)) be the <p- Clifford correspondent of 9. Write (f> = <j) p X j3 for <f> p £ Irr(L p ) and 
(3 £ Irr(Q). Assume further that all irreducible characters of G lying above (3 are monomial, while 
(3 extends to G(9^). Then there exists a linear limit (G',H',9') of (G,H,9) so that 

[N' q ,H' p }<K', 

where K' is the kernel of the triple (G ,H' ,4> ! ), while H' is a p-Sylow subgroup of H' and N' q is a 
q-Sylow subgroup of N' = G' fl N. 
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Proof. First note that H = M p L is a normal subgroup of G, because H/L is the p-Sylow subgroup 
of the nilpotent group M/L. We fix 9 £ Irr(P) and <f> = <ftp x P € Irr(L) satisfying the hypothesis 
of the theorem. We also pick a p-Sylow subgroup i of G so that A(P) is a p-Sylow subgroup of 
G{(3). 

Because H/Q is a p-group, P is the semidirect product H = (An H) x Q, where ^4 n P is a 
p-Sylow subgroup of P. Let P = (^4 n H)(4>). Then H(<p) = P k Q. Furthermore, j3 extends to 
H((j>) < H((3), since (\H/Q\, \Q\) = 1. Hence, if 0+ € Irr(P(0)) is the (/.-Clifford correspondent of 
9, then (see Lemma l6.11|) there exists a unique irreducible character a € Irr(P) such that 

#0 = a x /?, 

Because H <G, Frattini's argument implies that G(0s) = G(a,/3)Q. Note also that a lies above 
P € Irr(Lp) as 9^ lies above <p. Hence G(a) < G(4> p ) < G. 

At this point we pick a q-Sylow subgroup B of G so that B(a) is a g-Sylow subgroup of G(a) 
while B(a,P) is a q-Sylow subgroup of G(a,f3). 

Let 5 = (G, Q, (3). Because A(f3) has coprime order to that of Q, Proposition \(r>. 51 implies that we 
can get an A(/3)-invariant linear limit S\ = (G\, Qi, Pi) of S. Hence the central character £i of S\ 
is A(/3)-invariant. Furthermore, G\ = G(£i) while f}\ is the unique character of Q\ = Q((i) lying 
above Ci, by Proposition EH We write L% = LC\G\, Hi = GiflH = H(( 1 ),M 1 = MdGi = M(Ci) 
and N\ = G\ n N = N(Qi). Observe that L\ = L p x Q\, while N\/M\ is a nilpotent group and 
Mi/ Hi is a g-group. Let 9i € Irr(Pi) be the Si-reduction of 9. So 9i lies above 4>l the S'i-reduction 
of 4>. Note that <t>\ = (f) p x Pi. So #i lies above /?i and thus above d, and induces 0. Clearly all the 
irreducible characters of Gi that lie above Pi ( and equivalently above C,i) are still monomial (see 
Proposition I3.17J1 . 

Since Gi = G((i) we have A(p) < G x . Also Gi = G((i) = G(Ci,/?i) by Proposition EH Thus 
Gi < G((3), since Pi induces /3. Also Pi < H(P). The group A(/3) is a p-Sylow subgroup of G(P) 
contained in G\. Hence A(f3) is a p-Sylow subgroup of G\. Furthermore, thep-Sylow subgroup P of 
H((3) is contained in Hi, and thus P is also a p-Sylow subgroup of Pi. So Pi = PxQi. Because (3 
extends to G(9^) = QG(a,P), Lemma l6~Tl implies that Pi extends to (QG(a, /3))(Ci , Pi)- Hence Pi 
extends to QiGi(a) (note that Gi(P) = Gi(Pi) = Gi). Let P\ be the unique canonical extension 
of Pi to Pi. Then there exists a unique irreducible character a' of P so that 9i = a x (3i = a' ■ P\. 

It is not hard to see that 6>f (/3) = a'-(p e i) H ^ (see Exercise 5.3 in jjj). Since Pi induces p £ Irr(<5), 

Lemma EH implies that (Pf) H ^ = P e . So #f {/3) = a' ■ p e . But flf (/3) lies above p and induces 

9 G Irr(P) (because 9i does). Hence 9^^ = 9p, and thus a' = a. Therefore, 

(6.15) 6>i = av.pi, 

which implies that Gi(9{) = Gi(a, Pi)Qi = Gi(a)Qi. 

Let Pi = Ker(Ci) and Gi = Gi/K x , Pi = Pi/Pi and Qi = Q x /Ki. Then Q 1 < Hi < N x are 
normal subgroups of G\. Furthermore, the irreducible characters Pi,9i of Qi and Pi are inflated 
from unique irreducible characters Pi and 9i of Qi and Pi, all respectively. If Z x is the center 
of the triple Si = (Gi,Qi, Pi) then we write Zi for the quotient group Z x /K x . We also write 
C,i for the unique irreducible character of Zi that inflates to the central character Ci € Irr(Zi) 
of Si. According to Proposition 13.71 the cyclic group Zi is the center of Qi, affords the faithful 
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Gi-invariant linear character £ 1; and it is maximal among the abelian normal subgroups of G\ 
contained in Q l . So Qi satisfies Condition X. Since every irreducible character of G\ lying above (j 
is monomial, we get that every irreducible character of G± lying above and equivalently above 
fii, is also monomial. Because the (/-special character £ x is Gi-invariant, there exists a g-special 
character Xx °f Gx lying above Ci- So Xx is monomial. Let P = {PK\ ) jK\ . Then P = P while 
P ■ Qi = Hi < G\. Hence we can apply Theorem B to the groups Qi,P and G\ in the place of 
P,S and G respectively. We conclude that P centralizes Q 1; and thus Hi is a nilpotent group. 
Furthermore, if a is the unique irreducible character of P that inflates to a x 1 € Irr(Pi^i), then 

Hi = P x Qi and 9\ = a x fi x . 

So both P and Qi are normal subgroups of G\. Also, it is easy to see that G\(a)jKi = Gi(a), 
because Gi normalizes P and thus Gi(a) < Gi(a k < Gi(a)/Ki (the other inclusion holds 

trivially). Because fix extends to QiGi(a), we get that fi x extends to (QiGi(a)) / K\. So j3 1 extends 
to Gi(a) (note that Qi centralizes P and thus it is a subgroup of Gi(a)). 

Take E x to be the triple E x = (G 1: P,a). If B x = B H G x = P(Ci), then B x = Bi/Ki is a q- 
subgroup of G\. Thus we can form a i?i(o;)-invariant linear limit E2 of E x . So -E2 = (G2, P2, 02), 
where P2 < P and 02 induces a to P. Hence P2 = P2/K1 with P2 < P, while 02 inflates to a 
unique irreducible character 02 of P2 that induces a to P. In addition, G2 = GijK\ where G2 
is a subgroup of G\. The central character Q 2 °f ^2 is Pi(a)-invariant. Also G2 = Ci(C 2 ) and 
P2 = P(^2)- The center Z2 of P2 clearly contains K%, even more the kernel K2 = Ker(C 2 ) of £2 
contains K\. According to Propositions 13.121 and 13. Hj the character a 2 is G2-invariant and it is the 
only character of P2 that lies above C2 € Irr(Z2). So 

(6.16) G 2 = G 2 (a 2 ) = G 2 (a) < Gi(a), 

where the last equality follows from the fact that a.2 is the only irreducible character of P2 that 
lies above ( 2 and induces a to P. 

We next observe that the ^-reductions leave Qi unchanged, i.e., Qi(C2) = Qi> because Qi 
centralizes P. Hence Q 1 < Pi (a) < G2. Furthermore, the p2-reduction of Hi = P x Qi equals 
P2 = P2 xQi- In addition, the P2 reduction of Q\ € Irr(Pi) equals 62 = 02 x fix- Note that since j3 x 
extends to G\(a), equation 16. 161 implies that / 9 1 extends to G2. Because every irreducible character 
of G\ lying above /3 1 is monomial, Proposition 13.171 implies that every irreducible character of G2 
lying above 62 is still monomial. 

We look at the quotient group G2/K2. Its subgroup H2/K2 is a nilpotent normal subgroup, and 
splits as H2/K2 = P2/H2 x {Q1K2) / K2, where (Q1K2)/ K2, is naturally isomorphic to Q x . We 
identify these two isomorphic groups and we consider (3i as an irreducible character of (Q1K2)/ K2- 
As we have seen @i extends to G2, hence fi\ (considered as a character of (Q1K2)/ K2 extends to 
Giji^i- Let fi\ G Irr(G2/K2) be such an extension. Then fix is a g-special character of G^/i^- 
The irreducible character 0I2 of P2 is inflated from a unique irreducible character a' 2 of the p- 
group P2/K2- Because 0I2 is (-^-invariant, a' 2 is a G2/i^2-invariant p-special character of P2I 'Ki- 
Therefore there exists a p-special irreducible character a.2 of G2/K2 lying above a' 2- Then the 
product x = °-2 ■ fix is an irreducible character of G2/K2 that lies above a! 2 x fix € Irr(P2/^2)- 
In addition Xq = /?i (1) • Observe also that x is monomial, because every irreducible character of 
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G 2 lying above #2 is monomial, while a' 2 x Pi inflates to 82 £ Itt(H 2 ). Furthermore, Proposition 
13,71 implies that Z2 /K 2 is the center of P2 /P2 ; it is maximal among the abelian normal subgroups 
of G2/K2 contained in P2/K2 and it affords a faithful G2 /K 2-invariant irreducible character that 
inflates to Q 2 £ Irr(Z2). We conclude that all the hypothesis of Theorem B are satisfied for the 
groups G2/K2, P2/K2 and (Q 1 K2)/ K 2 in the place of G,P and S, respectively. Hence any p'- 
subgroup Q of G2/K2 centralizes P2/K2 provided that Q- P2/K2 is a normal subgroup of G^/i^- 

Let N 2 be the ^-reduction of Ni (that is N 2 = Ni(C 2 ) ), and M 2 the P 2 reduction of Mi. 
Then A r 2 /M 2 is still a nilpotent group, while M2/H2 is a g-group. Let U be a g-Sylow subgroup of 
N 2 , then UM2 = UH2 is a normal subgroup of G2, because (JJM^/Mi is the g-Sylow subgroup of 
N 2 JM 2 _So (UH 2 )/K2^G2- Furthermore (XJH 2 )/K 2 = (UK 2 )/K 2 x P 2 /^2- Hence the g-group 
{UK 2 )/K 2 centralizes P 2 /P 2 , he, [P,P 2 ] < ^2- So 

[P,P 2 ] <K X K 2 . 

It is easy to see that the triple (G 2 , P2 X Qi, "2 X is a linear reduction of (G, P tK Q, 9$). This 
completes the proof of the theorem. □ 

For later use we observe that what we actually proved in Theorem 1(1141 is 

Remark 6.17. Assume the hypothesis and the notation of Theorem l6.141 Then any ^4(/3)-invariant 
limit Si = (Gi, E>i, (3i) of S = (G,B,f3) makes (G\ D H)/K\ nilpotent, where A is a p-Sylow 
subgroup of G and A((3) is a p-Sylow subgroup of G{(5) and Pi is the kernel of S\. Furthermore, 
H\ = P K Qi, where P is a p-Sylow subgroup of H(<p). Let Ei be the factor triple Ei = (Gi, P, a), 
where G x = G x /K x and P = (PK X )/Ki ^ P. If P is a p'-Hall subgroup of G so that B(a) is a 
p'-Hall subgroup of G(a) and P(a, /?) is a p'-Hall subgroup of G(a, /?), let Pi = (PnGi)/Pi. Then 
any Pi(a)-invariant linear limit P2 = (C 2 ,P 2 ,CK2) of Pi satisfies [(Nt nG2) g ,P 2 ] < K 2 , where K 2 
is the kernel of P 2 while N 1 = (N n Gi)/Pi and Pi = Pi /Pi. 

Corollary 6.18. Assume the hypothesis of Theorem \6.14\ Let B be a q-Sylow subgroup of G so 
that B(a) is a q-Sylow subgroup of G(a) while B(a,(3) is a q-Sylow subgroup of G(a,/3). Assume 
further that A is a p-Sylow subgroup of G with A(/3) being a p-Sylow subgroup of G{(3), while 
P = {A n P)(/3). Let (j be the central character of the A{(3) -invariant direct linear reduction 
Si = (G 1 ,Q 1 ,(3i) of S = (G,Q,(3). Then G(0) = G(ACi) ■ Q- If in addition C = C Q {P) then 
G(a, 0) = G(a, /?, Cl) " C. Thus B(a, (3, £1) • Pi = Pi(a)Pi is a p '-Hall subgroup of both Gi(a) ■ Ki . 

Proof. Since St is an A(/3)-invariant linear limit of S, there exists a chain of linear subtriples 
Di = (Gi, Qi, $i) of S, for i = 0, 1, ... , n, such that S = Dq > D x > ■ ■ ■ > D n = Si, with Pj being 
a direct linear reduction of Pj-i, for all i = 1, . . . , n. Hence Di = Pj_i(Aj) where Aj is a linear 
character of a normal subgroup Li of Gj_i, that lies under In addition, Gi = Gj_i(Aj) and 

Qi = Qi-i(Xi) while /3j G Irr(Qi) is the Aj-Clifford correspondent of /3j_i € Irr(Qi-i). Thus 

z(A-i) < P < Z(A) < 4 < 4-i, 

while C is an extension of both Aj and £(- Di - 1 ) ) and lies under /3j. According to Proposition 13 . 141 
we have Gi = G((( Di ^) and Qi = Q((( Di >). The fact that the linear limit Si = D n is A(/3)-invariant, 
implies that C is ^4(/3)-invariant for all i = 0, 1, . . . , n. 
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According to Lemma rn.l()| applied to the groups Lj+i <Qi <]Gj, we have G(/%) = G($i, Xi+i) -Qi, 
for all i = 0, 1, . . . , re — 1. Since G(C (z?i) ) = Gi < G(Ai), while C m extends A*, we also have 
G(Pi,\ i+1 ) = G($i,C {Dl+l) )- In addition, the latter group normalizes Qj+i = Q(C^ Di+1 ^) and fixes 
its irreducible character j3i+i. Hence G0i, C^ Di+1 ') < G0i+i,Q Di+1 ^). The other inclusion also 
holds, because $+1 induces and Qi = Q(C^ D ^)- So for alH = 0, 1, . . . , n — 1 we get 

G0 i ) = G0 i+1 ,( (Di+l) )-Qi 

Therefore, 

G(/3)=G(/3i)(C (Dl) )-Q = G(/3 2 )^ Q. 

But C^™) extends all the previous central characters, while Qi is a subgroup of Q, for all i = 
l,...,n-l. ThusG(/?) =G(/3 n ,C (Dn) )-Q. As (3 n induces /3 we get G0 n , ( {Dn) ) ■ Q < G(J3, C (Dn) ) • 
<9 < G(/3). So G(/3) = G(/5,Ci) ■ Q, since Ci = C {Al) - This completes the proof of the first part of 
the corollary. 

Because P < A{(3) the characters ^(■ Di ) are P-invariant. As P also fixes (3 we conclude that P fixes 
j3i, for alH = 1, . . . , re. Let /?* S Irr(Gg.(P)) be the P-Glauberman correspondent of € Irr(Qj), 
for all i = 1, ... ,n. Similarly we define Q G I rr (G^(£) i )(P)) to be the P-Glauberman correspondent 
of for all such i. Then lies under (3*, as fC ^) lies under The group G(a, /3, c^)) 

fixes C^.C^,...,^- 1 ' since is an extension of all these characters. Because fa is the 

only character of Qi lying above ^ Di ^ (by Proposition I3.14|) . we conclude that G(a, (3, C,^ Di ^) fixes 
the Glauberman correspondents (3*, for all i = 0, 1, . . . , n. In addition, the group G(a, (3, Q Di ^) 
normalizes both G^(£>.)(P) and Cq {P). Therefore Lemma 16.101 implies 

(6-19) G(a, (3, ( m ) = G(a, (3, C m ,C! + i) ■ G Q(C ( Dl)) (P), 

for all i = 0, 1, . . . , re — 1. (For i = the above equation becomes G(a, /3) = G(a, /3, Ci) ' G.) The 
group Lj+i was picked to be a normal subgroup of Gi = G(C (A) . Hence G(a, /3, C (Dl) ) normalizes 
L m , as well as P. Thus G{a, (3, C (A) , C*+i) = G(a, /?, C (A) , C (A+l) )- But is an extension 

of C (Dl) and therefore G(a, f3,( m ,( {D,+l) ) = G(a, (3,( {Dl+l) ) for all i = 1, . . . ,n - 1. So (KM 
implies 

G(a,(3,( m ) = G(a,/5,C (A+l) ) ■ C Q(((Dl)) (P), 
for all i = 1, . . . , n — 1, while for i = we have G(a,/3) = G(q, /?, C (Dl) ) ■ C Therefore, 
G(a,/3) = G(a,/3,C (D " ) ) ■ G Q(c(Dl)) (P) • G Q(C ( D2)) (P) G^^^P) • G = G(a, /?,C (Al) ) ■ C. 

Since £(-° n ) = £i, the second part of the corollary follows. 

The group P of Theorem 16. 141 was picked so that B(a, (3) is a p'-Hall subgroup of G(q, /?). Since 
the latter group equals G(a,(3,(i) ■ G we conclude (by looking at the indexes) that B(a,(3, (±) 
is a p'-Hall subgroup of G(a,/3,£i)- Of course B(a,{3,(i) = -^i( a ) and G(a,{3,(i) = Gi(q), as 
Gi = G(Ci) and it is a subgroup of G{(3). Because Pi (a) is a p'-Hall subgroup of G\{a) and ifi is 
a p'-subgroup of Pi we get that Pi (a) • K\ is a p'-Hall subgroup of Gi(a) • iTi. This completes the 
proof of the corollary. □ 
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We can remove the additional hypothesis on part b) of Theorem 16 . 141 that wants (3 extendible to 
QG(a,(3), without loosing any of its conclusions, provided firstly that the group G has order p a q b , 
for some odd primes p and q, and secondly that we have plenty of monomial characters in Irr(G). 
Thus we can prove the following result. 

Theorem 6.20. Assume that G is a monomial group of order p a q b , where p,q are two odd primes. 
Let L < M < N be normal subgroups of G, so that N/M, M/L and L are nilpotent groups. So 
L = L p x Q where Q is the q-Sylow subgroup of L and L p its p-Sylow subgroup. Let M p be ap-Sylow 
subgroup of M and let H = M p L. Assume that <p G Irr(L) and 9 G Irr(P) lies above <j) and let 9^ G 
Irr(P(/3)) be the (f>- Clifford correspondent of 6. Write (j) = <j) p X (5, for <fi p G Irr(L p ) and (3 G Irr(Q). 
Let A be ap-Sylow subgroup of G so that A((3) is ap-Sylow subgroup ofG{j3). If S\ = {G\,Q\, f3\) 
is an A(P) -invariant linear limit of S = (G,Q,/3), then (Gi n H)/K\ = H\ = P x Q lt where K\ 
is the kernel of S\ and P = (PK\)/K\ while Qi = Q\jK\. Furthermore, there exists a linear 
reductionWt = (G*i,P*,a*) of Ex = (Gi,P,a) so that [(G% nNi) q , (G*i DHi) p ] < Ker(2?*i). 

Proof. The group H = M p L is a normal subgroup of G. We fix 9 G Irr(H) and <j> = (f> p x (3 E Irr(L) 
satisfying the hypothesis of the theorem. We also pick a p-Sylow subgroup A of G so that A{(3) is 
a p-Sylow subgroup of G{(3). 

Because H/Q is a p-group, H is the semidirect product H = (A n H) x Q, where A n H is a 
p-Sylow subgroup of H. Let P = (A n H){4>). Then H(<fi) = P X Q. Furthermore, (3 extends to 
H(<f>) < H(J3), since {\H/Q\, \Q\) = 1. Hence, if # € Irr(tf (0)) is the ^-Clifford correspondent of 
9, then (see Lemma there exists a unique irreducible character a G Irr(P) such that 

6$ = a x P, 

Because H <] G, Frattini's argument implies that G{9&) = G(a, P)Q. Note also that a lies above 
4> p G Irr(Lp) as 9$ lies above <j>. Hence G(a) < G(4> p ) < G. 

We pick a g-Sylow subgroup B of G so that B(a) is a g-Sylow subgroup of G(a) while B(a,P) 
is a g-Sylow subgroup of G(a,/3). 

According to Theorem 16.141 and Remark 16.171 there exists an A(/3)-invariant linear limit S\ = 
{G\,Q\, Px) of S = (G,Q,P) so that the quotient group H\/K\ is nilpotent, where H\ = G\C\ H 
and K\ is the kernel of S\. Furthermore, H\ = P x Q\ while the Si-reduction 9\ of 9 equals 
9 X = a K Pi. Let Bi = B n Gi, and iVi = N n G x . We also write G\ , iVi , Q : , i? i and P for 
the quotient groups Gi/Kx, N\/K\, Qi/Ki, B\jK\ and (PKi)/K%, respectively. If i is the natural 
epimorphism of G\ onto G±, then i sends P isomorphically onto P and a G Irr(P) to some character 
a G Irr(P). Let F = Ng(P) and Pi = Ng 1 {P) = F n Gi, then Frattini's argument implies that 
Gi = F\K\. Furthermore, CiQ\){P) = F\ fl Q\ covers Q x . Hence i sends Pi onto Gi with kernel 
C Kl (P)=K 1 nF 1 . 

Let R be the triple R = (P, P, a), where P = Nq(P). We take a P(a)-invariant linear limit 
R* = (F*,P*,a*) of R. Then Proposition EH implies that P* = P(a*) = iV G («»)(P) < G(a). 
Because P(a) is a g-Sylow subgroup of G(q) that fixes a*, it is also a g-Sylow subgroup of P*. We 
write for the central character of R*. We also write Z* = Z(R*) and K* = Ker(P*). 

Let Pi = (Gi,P,a). Then any direct linear reduction R' = (F',P',a') of R determines a 
direct linear reduction P'i of Pi in the following way. Assume that L < P is a normal subgroup 
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F contained in P, while A G Lin(L) lies under a so that P' = P(X) and a' is the A-Clifford 
correspondent of a. Then LK\ < PKi, is a normal subgroup of G\ < FKi, while the character 
A X \k x lies under a k Ik-i • Clearly a 1 k \k y is the A k \k x -Clifford correspondent of ax 1^ . Hence 
L = (LK\)jK\ is a normal subgroup of G\ contained in P, while the unique irreducible character 
A G Irr(L) that inflates to A >< 1k 1 lies under a G Irr(P). So the triple E\ = (G\, P' , a') is a 
direct linear reduction of Ex, where G\ = G\(X) = Gi{X)/K\ < (F ! K{) / K\. Assume in addition 
that R' is P(a)-invariant, that is A is a P(a)-invariant character. Then the character A K Iki 
is B\{a X ljtj-invariant, since B\(a k 1^) = B\(a)Ki < B(a)K\. Thus the character A is also 
Pl(a)-invariant. Hence R* determines the linear reduction E*\ = (G*\, P* , a*) of E\, which is 
Pi(a:)-invariant. Also G*\ = G\jK\ where G\ < (F*K\) n G\. Furthermore, P* is isomorphic to 
P* , while a* G Irr(P*) is mapped under that isomorphism to a* G Irr(P*). According to Corollary 
!6.18l Pi (a) ■ K\ is a g-Sylow subgroup of G\(a) ■ K\. Hence B\[a) is a g-Sylow subgroup of G\(a). 
Because E*\ is Si (a) -invariant the latter group is also a subgroup of G*\. But G*\ < Gi(a), since 
G* < (F*Kx) nd< We conclude that 

(6.21) B x (a) G Syl 9 (G^). 
Note also that 

(6.22) ZQ¥ X ) > (Z* ■ Ki)/Ki and Ker(^i) > (K* ■ Kx)/K x . 

We apply Theorem D to the g-groups Q < B, the p-group An H, and the character (3 G Irr(Q). 
(Clearly B normalizes (^4 n H) ■ Q = H). This way we get an irreducible character (3 U of Q that 
extends to B(J3") and satisfies P = (A n H)((3) = (An H)((3 V ), and P(/3) < 5 (/?"). In addition, 
we get that N B {P) < B([5 V ). Hence B(a) < B(f3 u ). Note also that B(a,(3 u )Q = B(a X Iq,/^). 
Because P(a) is a g-Sylow subgroup of G(a), we conclude that B(a,(3 u ) = B(a) is a g-Sylow 
subgroup of G[a, (3 V ). So 

(6.23) B(a, 13) < B(a) = B(a, (3 U ) G Syl q (G(a, /3 U )). 

Note that (3 U extends not only to B(f3 u ) but to QG(a, (3 U ). Indeed, j3 v extends to any R, where R/Q 
is an r-Sylow subgroup of {QG(a,l3 v ))/Q, for any r ^ q by Corollary 8.16 in ,7]. It also extends to 
QB{a,l3 u ) where {QB{a,l3 u ))/Q is a g-Sylow subgroup of {QG(a,f3 u ))/Q. Hence Corollary 11.31 
in implies that j3 v extends to QG(a, (3 U ). 

What is important about this new character is that H((3) = H((3 U ) = P K Q, (that is, the 
p-group P remains the same for the two characters (3 and (3 V ). Furthermore, the product a x (3 V 
is an irreducible character of H((3 V ) lying above (3 V . Hence Clifford's Theorem implies that otv. (3 V 
induces an irreducible character 9 V of H. Also, G{Q V ^ V ) = QG(a, j3 v ). So the groups Q < H < G 
and the characters (3 V G Irr(Q) and 9 U G Irr(PT) satisfy all the hypothesis of Theorem 16.141 Then 
there exists a linear limit = (G\,Q\,i3\) of S u = (G,Q,/3 V ) such that H I = P K Q\ while 
B^jK^ is a nilpotent group, where K\ is the kernel of S\. Let B\ = B n G\. Then 

(6.24) B\ = BKI3D = B»(n, 

by ProDosition l3~T2l We also write G^i , W x , Q u l , Wi and P for the quotient groups G" jK\ , N^/K\ 
Q1 jK\ , B\ jKl and [PK\ )jK\, respectively. 
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Let E v i = (G" 1 ,P, a) Because PK\ <G\, Frattini's argument also implies that G\ = N G * (P)K% < 
FK\. So, as with the triple ~E\ and its reduction E* 1 , the linear limit R* = (F*,P*,a*) deter- 
mines a linear reduction E v * \ = (G u *\, P* , a*) of E u x, which is P^i(a:)-invariant. Note that 
P* = {P*Ki)/Kx = P*. Also if Ty r \ = Gf/iq for some subgroup G\* of G\, then GP X < F*K{ 
and in addition 

(6.25) W x {a) G Syl,(G^i). 
Furthermore, similarly to Q6.22JI we get 

(6.26) Z{FT X ) > (Z* ■ K v x )jK v x and Ke^i^) > {K v * ■ K^)/Kf. 



Now let E u 2 = (G u 2, P w 2i otV 2) be a P^ct^-invariant linear limit of E v * \. Then E v 2 is also a 
P^i(a)-invariant linear limit of ~W X - Hence Remark l6~T71 implies that [(N^i n^),,^] < K 17 2 
is nilpotent, where K u 2 is the kernel of E u 2- (Note that we have used the fact that the group B is 
a g-Sylow subgroup of G so that B(a) is a g-Sylow subgroup of G(a) while B(a,{3 u ) is a g-Sylow 
subgroup of G(a,f3 u ).) By (|6.25|) the group B u i(a) is a q-Sylow subgroup of G u * \. Because E v 2 is 
a P^i(a)-invariant linear limit of E v * i, we get that B v \{a) is contained in G v 2 < G u *\, and thus 
it is a g-Sylow subgroup of G u 2- Hence 

(6.27) [W 1 (a)nN 1 ,P T 2] < K*2, 

where K v 2 is the kernel of E u %- In addition, (|6.26l) along with Remark 13.21 implies 
(6.28a) Z* ^ {Z*KI)IK\ < Z[^ x ) < Z(W 2 ) <P~ U 2 <P* = P* 

and 

(6.28b) (K*Ki)/Ki < Ker(£Pi) < K" 2 . 

We identify Z* with its isomorphic image Z* = (Z*K1)/K" inside Z{E V * \). Under this isomor- 
phism the central character £* G Lin(Z*) of R* is mapped to a linear character of Z* that lies 
under the cental character C% 6 Lm(Z \E V * \j) of E u * \. 

Let V := P*/Z* = P* /Z(R*). Then V is an anisotropic P*/P*-group, by Proposition 13 .111 
(The P*/P*-invariant bilinear form c : V x V — > C x is defined (see (|3.9j) ) as c(x,y) = (*([x,y]), 
for all x, y G V). Thus V written additively, is the direct sum 

v = v 1 + v 2 , 

of the perpendicular P*/P*-groups V\ = C V {N*) and V 2 = [V, N*], where N* = N n F*. Because 
B(a) is a g-Sylow subgroup of F*, the group Q* = B(a) n A^* = P(a) n A?" is a g-Sylow subgroup 
of AT*. So 

jV* = Q* x p*. 
Therefore the direct summands V\ , V2 of V are 
(6.29) Vi = C V (Q*) and V 2 = [V,Q*]. 

Both V\ and V2 are anisotropic P*/P*-groups. 
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Now let U = P U 2 /Z(E U 2 ). Then U is isomorphic to a section of V, by (|6.28|) . Furthermore, U 
is isomorphic to the orthogonal direct sum U = U\ + U 2 , where in view of (|6.29j) we get 

Ut = C V (Q*) and U 2 = [U,Q*], 

According to Corollary 16, 181 (applied to the i^-groups), we have G\{a, {3 u )Cq(P) = G(a,{3 u ). This, 
along with ()6.24[) and (|6.23f) implies 

(6.30) Bl{a) ■ C Q {P) = B\{a,(?) ■ C Q (P) = B(a,P") = B(a). 

Hence the image of 5(a) D N in the automorphism group of P equals that of 5^ (a) n N. So 
U 2 = p,B^(a) n N]. In view of (|Q7|) and (|fi.28h|) . this latter group is trivial. Hence U 2 = and 
Ui = C V (Q*) = C v (BZ(a,ir) n N). 

Because V = P*/Z* is an abelian anisotropic -F*/P*-group, the group P*/Z(E u *i) is also an 
abelian group. It also affords a bilinear G v * i/P*-invariant form (see (j.'19|) )) defined as c(u, v) = 
Ci*(K «])> for a11 u,ve P*/Z(E W 1 ). Identifying P* with P* and Z* with Z* we see that [P*,P*] < 
Z* < Z(E^i). Hence c(u,v) = (*([u,v\), for all it, v G P*jZ{E^x). In addition, since G\* < F*K" 
the factor group G v * \/P* is isomorphic to a subgroup of F*/P*. Hence P* jZ{E v * \) is an abelian 
symplectic G v * \jP*. Thus we can apply Proposition 13.131 to the linear limit E v 2 of E v * \. So U 
is isomorphic to L^/L, where L is maximal among the G v * \ /P*-invariant isotropic subgroups of 
P*/Z{E^ 1 ). Furthermore, L = Z(W 2 )/Z(EF \) and L L = P T 2 /Z(E^i). If L = L x + L 2 , with 
L\ = Cl(Q*) and L 2 = [L, Q*] then the facts that L ± /L = U while U 2 = implies that = L. 
Hence L 2 is a self perpendicular C / *i/P*-invariant subgroup of P* jZ{E v * \). 

Since P* /Z(E U * 1) = ^ — L we that -^2 is isomorphic to a self perpendicular subgroup 

W 2 of F. Hence W 2 < V 2 = [V,Q*], as L 2 = [L,Q*]. Because L 2 is G^i /^-invariant, lt 
is 5^i(a)-invariant, by ()6.25|0 . According to l|6.30() the image of B\ (a) in Aut(P) equals that of 
5(a). Therefore W 2 is a self perpendicular 5(a)-invariant subgroup of V 2 . Hence V 2 is a hyperbolic 
5(a)-group. But 5(a) is a g-Sylow subgroup of F*. Hence Theorem 3.2 in (2] implies that V 2 is a 
hyperbolic P*-group. Because it is also an anisotropic P*/P*-group, we conclude that V 2 is 0. Hence 
Q* centralizes V = P* /Z* . In addition, Z* /K* is a cyclic central p-section of F*. So the g-subgroup 
Q* of F* centralizes bothp-groups V = P* /Z* and Z*/K*. We conclude that Q* centralizes P*/K*. 
Since Q* = 5(a) nJVwe get [5*, 5(a) n JV] < if*. Thus [(P*^)/^, (5(a)ifi n iV)/i£i] < 
{K*Kx)/Ki. This and (l6~2Hl implies that 

[5*,5i(a) nli] < Ker(5*i). 

But 5i(a) G SyL((7*i), by (|6.21[l . We conclude that a g-Sylow subgroup of iV*i centralizes P* 
module Ker(5*i). Hence the theorem follows. □ 

Note that we pick the linear limit E* 1 in the statement of Theorem 16.201 in the following way 

Corollary 6.31. Assume the hypothesis and notation of Theorem \6.2(A Let B be a q-Sylow subgroup 
of G so that 5(a) and 5(a, (3) are q-Sylow subgroups of G{a) and G(a,f3), respectively. Let 
F = Nq(P). Then any B (a) -invariant linear limit (P*,P*,a*) of (F,P,a) determines naturally 
a linear reduction ~E* X = (G*i,P*,a*) o/5i = (Gi,P,a) so that [(G*i r\Ni) q ,P*] < Ker(5*i), 
while P*P* is a p-Sylow subgroup of H*±. 
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We can now prove Theorem E that we restate here. 

Theorem E. Assume that G is a finite odd monomial p, q-group, while N is a normal subgroup 
of G of nilpotent length 3. So there exists L < M normal subgroups of G contained in N so that 
L,M/L as well as N/M are nilpotent groups. Let x be any irreducible character of M. Then there 
exists a linear limit T' = (G' , M' ,x') °f the triple T = (G,M,x) with N' / Kei(T') being nilpotent, 
where N' = N n G' , and Ker(T') is the kernel of the triple T' . Therefore N is a monomial group. 

Proof. Let (p G Irr(L) lying under x £ Irr(M). Because L = L p x L q is nilpotent, <f> splits us 
4> = i] x f3, where rj G Irr(L p ) and (3 G lri(L q ). The groups H = M p x L q and J = M q x L p are 
normal subgroups of G. Furthermore, H{(b) = P x L q where P = M p ((b) is a p-Sylow subgroup of 
H{(b), and J ((f)) = O x L p where O = M q ((b) is a g-Sylow subgroup of J((b). Clearly P > L p and 
0>L q . 

Let 9 G Irr(H) be any irreducible character of H lying above (b and under x- Then the ^-Clifford 
correspondent 9^ of 9 equals 

9(f, = a K (3, 

where a € Irr(P) is uniquely determined by 9 and lies above rj G Irr(L p ). Furthermore, a restricted 
to L p is a multiple of r/. Similarly we pick an irreducible character tp G Irr(J) lying above (f> and 
under x- Its (^-Clifford correspondent satisfies 

^ = 7 K V, 

where 7 G Irr(O) is uniquely determined by tf> and lies above (3 G Irr(L g ). In addition, 7 restricted 
to L q is a multiple of r\. It is easy to see that 

(6.32a) G(a,j) < G(a,(3) < G(a) < G(rj) 

and 

(6.32b) G(a, 7 ) < G(r?, 7 ) < G( 7 ) < G((3). 

Now we pick a p-sylow subgroup A and a q-Sylow subgroup B of G so that yl intersected with 
every group in (|6.32b|) is a p-Sylow subgroup of that group, and B intersected with any group in 
(|6.32a|) is a g-Sylow subgroup of that group. 

Let (G',L'(3') be an A(/3)-invariant linear limit of (G,L q ,[3). Let also (G" ,L'',rj") be a B(t])- 
invariant linear limit of (G,L p ,rj). So H' = H n G' = P x V , and J' = J n G" = O x L^'. Also 

= a x /3' G Irr(iJ') is the G'-reduction of 9, while ip" = (3 \x rj" G Irr( J") is the (^''-reduction of i/j. 
If Gi = G' n G", Li = Lp x and fa = n" x then (Gi, Li, 0i) is a linear limit of (G, L, </>), by 
Remark 13.81 In addition, (see Lemma l4.2j) the factor group M\jK\ is a nilpotent group where K\ 
is the kernel of (G 1 ,L 1 ,(p 1 ), and Mi = M n Gi. Note that i^i = iT" x K' where if" is the kernel of 
(G",L' p ',i') and K' is the kernel of (G',L' q ,(3'). In addition, Mi/i^ = (P 1 K 1 )/K 1 x (Oii^/iTi, 
where Pi = PflGi = PPiG" , (where the last equality follows from the fact that the j4(/3)-invariant 
reductions of (G,L q ,(3) do not change P < A(f3)) and similarly Oi = O PI Gi = O n G'. Let 
ai G Irr(Pi) and 71 G Irr(Oi) be the Gi-reductions of a G Irr(P) and 7 G Irr(O), respectively. 
So a\ is actually the (G", L' p , ^")-reduction of a while 71 is the (G' , L' q , /3')-reduction of 7. Note 
also that (PxKxj/Kx = (P x K')jK x while (O x Kx)/Ki = (O x K")jK x . Let a x G \tt((P x K x ) ) K x ) be 
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the unique irreducible character of {P\Kx)/K\ that inflates axle Irr(Piif'). Similarly we define 
71 E Irr((Oi^i)/K!). 

Now let P = (F,P,a) and 5 = (1,0,7), where F = N G (P) and / = N G (0). Observe that the 
P (^-invariant linear limit (G" , L''rj") of (G,L p ,rj) determines naturally a P(?])-invariant linear 
reduction R" = (F n G",Pn G",a") of P, where a" is the (G", L^', r/') -reduction of a. But 
P n G" = Pi and thus P" = {F" ,P-]_,a\). Note also that in view of ()6.32a|) the group B(a) is a 
subgroup of B(ji) Hence the linear reduction R" of R is P(a)-invariant. 

Similarly, the ^4(/3)-invariant linear limit (G',L' ,/3') of (G,L q ,/3) determines naturally an A{(3)- 
invariant linear reduction S' = (P, Oi,7i) of S, where I' = G'fl/. In addition, ()6.32bj) implies that 
-A(t) < ^4(/?)- Hence the linear reduction S" of S 1 is j4(7)-invariant. 

Let P* = (F*,P*,a*) be a P(a)-linear limit of R" = (F",P 1 ,a 1 ) and thus of R. Similarly we 
pick S* = (I*, O* , 7*) to be an A^-invariant linear limit of S' = (/', Oi, 71) and thus of S. 

Now we can apply Corollary 16.311 Let G" = G" /K" then (PK")/K" = P is isomorphic to P and 
under this isomorphism a £ Irr(P) gets mapped to a E Irr(P). If E = (G",P, a), then Corollary 
16.311 implies that R* determines naturally a linear reduction E* = (G* , P* , a* ) so that 

(6.33) [(G* n iV*) p , P*] < Ker{E*), 

where P* is a p-Sylow subgroup of H* = G* D (H" /K"). Observe that because R* is a linear limit 
of R" , the reductions done in E are actually reductions done inside (P\K")/K" < P. Because 
Gi = G' n G" and i^i = K' x K" , the linear reduction P* of P lifts to a linear reduction U\ of 
[/ = (Gx/Kx, {P\Kx)/K x ,a x ). Note that Gi/iTi is reduced to Gi/iTi n G*Kx/Kx. 

Similarly we write G' = G'/K' then (OK')/K' = O is isomorphic to O and under this isomor- 
phism 7 € Irr(O) get mapped to 7 G Irr(O). If D = (G',0,j), then Corollary 16.311 implies that S* 
determines naturally a linear reduction D* = (G*,0*,7*) so that 

(6.34) [(G* n N*) q , 6*] < Ker(Z)*), 

where Q* is a g-Sylow subgroup of J* = G* n (J'/K'). Furthermore, similarly to C7i and t7 we get 
that the linear reduction D* of D lifts to a linear reduction Vx of V = (Gx/Kx,(OxKx)/Kx,*[x)- 
Also the group Gx/Kx is being reduced to Gx/Kx n (G*Ki)/Kx. 

The fact that Mi/iTi = (PiKi)/Ki x (OiKi)/^! is a nilpotent group, along with Remark ESI 
provides a linear reduction T\ of T = (Gx/Kx, Mx/Kx, ax x 71 ) using the linear reductions Ux and 
¥l. The kernel of fx contains the group (Kex(E*)Kx) / K x x (Ker(£>*)iTi)/i^i. So (l6~3H and_ (HQ4l 
imply that the Ti-reduction of the group Nx/Kx is a nilpotent group module the kernel of T\. 

Because Tj lifts to a reduction of the triple (Gi,Mi,xi) and thus of (G, M, x), the theorem 
follows. 

□ 
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